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THERESPONSEOFAN -LANE !10MNDOl!
AtmosphericDIS~CESl
I& FranklinW.Diederich2
SUMMARY
Thestatisticalpproachtothegust-loadproblemwhichconsistsin
consideringflight hroughturbulentairtobe a stationaryrandcxnprocess
isextendedby includingtheeffectof Lateralvariationoftheinstan-
taneousgustintensityontheaerodynamicforces.Theforcesobtainedin
thismannerareusedindynsmicanalysesofrigidW flexibleairplanes
freetomovevertically,inpitch,andinroll. Theeffectoftheinter-
actionof longitudinal,normal,andlateralgustsonthewingstresses
isalsoconsidered.
. Themethodof analyzingtherigid-bodymotionsissimilsrto that
usedforanalysesofthedynamicstabilityof airplanes,inthatthe
equationsofmotionarereferredto stabilityaxesand~ressed interms
v ofconventionalstabili~derivatives.Themethodof analyzingthe
djrnsmtceffectsofstructuralflexibilityconsistsinanextensionofa
numerical-integrationapproachtothestaticaeroelasticproblemandis
ina formwhichoffersthepossibilityofcalculatingdivergenceand
flutterspeedswithrelativelylittleadditionaleffort.
Themean-squarevalues,correlationfunctions,md powerspectraof
saneoftheaerodynamicforcesrequir~inthistypeof analysisarecalc-
ulatedforonespecialcorrelationfunctionoftheatmosphericturbu-
lence.Itisshown,forinstance,thatifthespanisrelativelylarge
camparedwiththeintegralscaleof turbulence,themean-squsreliftand
rootbendingmomentdirectlydueto thegustsresubstantiallyreduced
whenthedifferencesininstantsmeousintensityoftheturbulencealong
thespanaretakenintoaccount.However,ifthemotionsoftheairplane
sretakenintoaccounthemean-squsreootbendingmoment~ be increased
as a resultofthesedifferences.tie, themeem-sqmepitchingmcanent
isshowntobe substantiallyincreasedifthetaillengthisrelatively
%his reportrepresents,exceptforsomeminorchanges,a thesis
submittedinMay1954inpartialfulfillmentoftherequirementsfor
thedegreeofDoctorofPhilosophyat theCalifornia~titute of
Technology,Pasadena,Calif.
2Nowat theLangleyAeronauticalkboratory,18.ngleyField,Va.
2
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largeccxnparedwiththescaleofturbulence.lHnally,thewingstresses *
dueto longitudinal,normal,andlateralgustsareshowntobe statis-
ticallyindependentundercertainconditions. w-
INTRODUCTION
Thelocalvelocityfluctuationsactingonanairplaneflyingthrough
atmosphericturbulencearefunctionsoftimedefinedonlyina statistical
senseand,hence,constitutea stochasticorrandomprocess.Consequently,
theresponsesoftheairplane,whethertheyaremotions(linearorangular
displac=ent,velocities,oraccelerations),forces(lift,pitchingmoment,
bendingmment,andsoon),stresses,or sayotherphenomenadetermined
by theturbulence,canalsobe knownasfunctionsoftimeinonlya sta-
tisticalsense.
‘I!Mspaperis concernedwiththestatisticalcharacteristicsofthose
responseswhichhavea bearingontheloadsandstressesexperiencedby
theairplane;althoughotherproblemsuchasthoserelatingtopassenger
comfortortothestabilityoftheairplsmeasa gunplatformcanbe . —
treatedin thesamemanner,theywillnotbe consideredhere.
Thefirstapproachestothegust-loacprobkmwhichusethestatis-
4
ticaltechniquesdevelopedforstationsx’yrandomprocessesappeartobe
thoseofreferences1,2,and3. (Anearlierinvestigationconcerned P
withthemotionsofanairplaneinturbulentairisreportedinref.4.)
Thefundamentalsof“theseapproachesarediscussedinsomedetailin
reference1,andmentionismadethereinofinvestigationsinotherfields
of’engineeringandphysicsthathavedealtwiththeproblaofdeducing —
thestatisticalcharacteristicsoftheoutputorresponseofa dynamic
systemfromthoseofitsinput.Themean-s”qusrenormalaccelerationf
a rigidairplanefreetomoveinonedegreeoffreedom,namely,vertical
motion,is calculatedinreference2. In tiditiontobeingrigid,the
airplsmeis implicitlyassumedtobe smallenoughforallitscomponents
to experiencethesamegustvelocityatanyinstantoftime.Thismeans
thatthespanoftheairplanemustbe smallcomparedwiththeintegral
scaleof atmosphericturbulence,whichonthebasisoftheavailable
knowledgeconcerningthepropertiesoftheamosphere(ref.k, forinstance)
appearstobe intheorderofseveralhundredto 1,000or2,000feet;
thatis,thespsmoftheairplanemustbe lessthanabout100feet.
Thepurposeofthepresentpaperis:to-extendthisapproachto large
flexibleairplanesfreetomoveinalldirections.As usedherein,the
terms“small”and“large”airplanerefer”toairplaneswhichareverysmall
andnotve~ small,respectively,compsmdwiththeintegralscaleof
turbulence;thus,anairplaneflyingina widevarietyofatmospheric -.
conditionsmaybe “small”undercertainconditionsand“large”under
others.Similarly,theterms“rigid”airplaneand“flexible”airplane
.
WCAm 3910 3
t sreusedtodesignateairplsnesfl@ng,respectively,atspeedsfarbelow
thoseatwhichdynsmicandaeroelasticeffectsbecomeimportant,andat
? speedsatwhichtheseeffectshavetobe takenintoaccount;thessmeairplanecanthusbe “rigid”underscxneconditionsand“flexible”under
others.
Severalfundamentalssumptionsarehhermt intheanalysiscon-
tainedinthispaper.b thefirstplace,allatmosphericdisturbances,
motions,~d structuraldeformationsareassumedtobe smallenoughto
produceforcesthatsrelinearand,hence,superposable.Also,theturbu-
lent“input”totheairplaneisassumedtobe stationaryina statistical
sense;thatis,theturbulenceintheplaneoftheflightpathish_gmo-
geneous.Forthelergeairplsne,theadditionalassumptionismsdethat
theturbulenceisexisymnetricwithrespectoverticalaxes,a cotition
lessseverethancompleteisotropy.Thestatisticalchwcacteristicsof
theturbulencesrethusassumedtobe inswriantundera trmslationof
thespaceortginwithinthehorizontalp aneendundera rotationofthe
coordinatesabouttheverticalaxis.Ftially,~lor’s hypothesisto
theeffecthattimedisplacementssreequivalentto longitudinalspace
displacementsi sssumedtobe valid.
Theaerodynamicforcesdirectlydueto atmosphericturbulence,which
constituteheinputforcesforthedynsmicsyst~representedby the
.
airplane,arecalculatedinthefirstpartofthispaperforthelsrge
airplane,thatis,forthecasewherethespsnwisedistributionfthe
intensityofturbulencehastobe takenintoaccount.(Theeffectof
spanwisevariationofgustintensi+qronthelifthasbeentreatedby a
slightlydifferentmethodinref.5.)
Thedynsmicsoftherigidairplanesxeconsideredinthesecondpert.
Thedymmicsystanisnowrepresentedby a setofthreesimultaneous
ordinsrydifferentialequations,ratherthanoneas inreference2;none-
theless,theproblemofcalculatingthereqpiredtransferfunctionsis
stilloneofsimplealgebra.
Thenextpartis concernedwiththesmallflexibleairplsmeandthus
hssdirectapplicationto fighter-@peairplsnesandguidedmissiles
operatingatrelativelyhighspeeds,inadditionto servingas a preMm-
inaryto thelastput ofthepaper.Thedynsmicsystemisnowrepresented
by a partialdifferentialequation,andthecalculationfthetransfer
functionsrequiresthesolutionofordinarydiff~entialequations.Once
thesefunctionsarecalculated,however,thestatisticaltechniquessre
thessmeasbefore,asa resultofthefactthatthelateralvsriationin
gustintensityisignored.Eithermodalornumerical-integrationapproaches
msybe usedto snalyzethedynsmicsofa swept-wing&plane withsrbitrery
stiffnessandmaasdistribution.Al#houghmodalapproacheshaveusually
beenpreferredinthepastforsimilarproblems,itwasbelievedthat,in
viewofthehighlycomplexnatureofmodernaircraftstructuresad the
4 NACATN3910
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advancedQpe ofcomputingmachineryrequiredandgenerallyavailablefor
theirsnalysis,thenumerical-integrationapproachwouldbe preferable
andithas,therefore,beenused. r
Thelast partcontainstheanalysisofthelargefhzxibleairplane.
Thestatisticalproblemisnowthatofa systenwhichischaracterized
—
by a pmtialdifferentialequationwithtimeanda spacecoordinateas
independentvariablessmdwhichissubjectedto a randominputthat
variesintimeandspace,sothatmoreisrequiredthemthetransfer
functionsframthegustintensityatonepointonthewingtothestresses
ateaother.Thepsrticul.erstatisticalproblempresentedby thiscase
isconsideredinsamedetail,andtheappropriateransferfunctionssre
thenobtainedbyusingthenwnerical-integrationapproachpresentedin
theprecedingparttosolve,ineffect,theordinarydifferentialequa-
tionswhichdescribethewingdeformationsatanygivenfrequency.
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bendingstiffness
distancefrom
f&actionof
distsmcefrom
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distancefrom
ofchord
distancefrom
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dimensionless
sectionaerodycmmiccentertoshearcenter,
chord
shesrcenterto sectioncenterof~avity,
chord
shearcentertothemidchordpoint,fraction
shesrcentertothe3/&chordpoint,fraction
lift-influencefunction(Green’sfunctionfor
thespanwiseliftdistribution) -
torsionalstiffness
accelerationdueto gravi~
responseto sinusoidaloscillation,Fouriertransformof h(t)
indicial-responsefunction
massmomentofinertiaboutX-sxis
maasmomentofinertiashoutY-axis
Besselfunctionsofthefirstkind,orderO and1
modifiedBesselfunctionsofthesecondkind,orderO and1
integralof ~
reducedfrequency,@2u
dimensionlessfrequency,uJI*/U
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rollingmoment
integralscaleofturbulence
distributedliftperunitdistancealongthespan
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pitchingmmnent .
bendingmanent
—
twistingmoment :,-
mass(ofairplane,unlessdesignatedotherwiseby subscripts)
*
distributedmassper
distributedtwistin
plsneof symmetryT
dynsmicpressure
unitdistaace along thespsn
mmnent(aboutaxesperpendicular
perunitdistancealongthespan
to the
—
rsdiusof.gyrationaboutcenterofgravity;longitudinaldis-
placaentcorrespondingtotimedisplacementr
wingarea
scalepsrameter,
the
meanflyingspeed
2% .
.
longitudinalcomponentofgustyelogity
—
horizontalcomponentofdisturbedmotion
lateralcomponentofgustvelocity
weightofairplane
verticalccmponentofgustvelocity
verticalcmponentofdisturbed:mo~rion
..-
coordinatealongmeanflightPath..=
distancefrcmintersectionfelasticsxi.sandrootchordto
airplanecenterofgratity
taillength,di.stsncefrcmairpl.aaec nterofgravityto .
aerodynamiccenteroftail —
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mdifiedtaillength,distancefrmnintersectionf elastic
axisandrootchordto aerodynamiccenterof tail
coordinatep rpendiculartoplaneofsymmetry
coordinateinplaneof symmetryperpendiculartomesnflight
path;verticaldeflection
inclinationf chordtoX-sxis
spsmratio,b/L*
autoconvolutionfu ctionfor Y(Y)
/dimensionlessliftdistribution,cclGCL
dimensionlessliftdistributiont roll,
15
CC2Fc
vsriableof integrationcorrespondingto y
angleofpitch
angleofsweepback
massdensityoftheair
timedisplac~ent,argumentoftime-correlationfu ction
thepowerspectrum& inthecaseof axisymmetzy
two-dimensi.onalpowerspectrum(doubleFouriertransformof ~)
Searsfunction(unsteady-liftfunctionforgustpenetration)
one-dimensional
two-dimensional
one-dimensional
two-dimensional
orpointpowerspectrum
powerspectrum(singleFouriertransformof ~)
orpointcorrelationfunction
correlationfunction
frequencyof oscillation
8Subscripts:
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.
e,e
f
r
t
u
v
Matrix
[1
11
l-l
{}
effective
fuselage
wingroot
tail
horizontalcomponentofturbulence
wing;verticalcanponentofturbulence
notation:
squsreorrectangularmatrix
diagonalmatrix
rowmatrix
columnmatrix
Dotsoversymbolsindicatederivativeswithrespect
#AERODYNAMICFORCESRESULTINGDIRECTLYFROM
ATMOSPHERICTURBULENCE
o the.
Themotionsof a rigidairplsnedependontheoverallforcesand
moments,whereasthestressesofa rigidai&planeandthemotionsnd
stressesof a flexibleairplanedependonthedistributionfthese
forces,aswell. Thispartofthereportisconcernedwiththecalcu-
lationoftheintegratedanddistributedforcesandmanentsdirectly
dueto atmosphericturbulencewhenthespsnwisevariationofgustinten-
sityhastobe takenintoaccount.(Theforcesandmomentscausedby
themotionswhichresultfromtheforcestreatedinthispartcanbe
calculatedby conventionalmethodsandwillnotbe consideredherej
althoughtheccmbinedforceswillbe consideredinthefollw~ parts.)
Thus,thispartservesasa basisforallthematerialpresentedinthe
laterpsrtspertainingtothelargeaifilsne,and,hence,thefundamental
notionsrequiredforananalysisofthelargeairplaneareintroduced
hereanddiscussedinsanedetail.
Thebasicapproachisasfollows:First,theinstantsaeousvalue
ofthequantityof interest,suchaathefift,isexpressedinterms“of
.
theinstsmtaneousgustintensityata pointanda suitableinfluence —
.-
~=
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.
fumction.Fortheliftthisinfluencefunctioncsmandwillbe identified
witha certainliftdistributionthegivenwinginreverseflow;the
saneproceduremsyand,inthecaseoftherolldngmcment,willbefol-
lowedforotherintegratedforces.On theotherhand,forthelocallift
theinfluencefunctionistheGreen~sfunctionforthethree-dimasional
unstesdy-1.iftproblemandcannotbe identifiedwithan easilycalculated
liftdistributionthetinginreverseflow. hasmuchasno lamwledge
concerningthisfunctionappearstobe available,a methodof calculating
an approtiateGreentsfunctionforthisproblenisoutlinedherein.
Therequiredinfluencefunctionsforintegratedeffectscsnbe synthesized
fromthisfunction,andiftheassociatedliftdistributioni reverse
flowcannotbe calculated.convenientlyhisapproachmqybe preferable.
Thistechniqueis illustratedherebymeansofthebendingmcment.
Thenextstepconsistsinusingtheexpressionfortheinstantaneous
valueofthegivenquantityto calculatea correlationfunctionforthis
quanti~intermsof a correlationfunctionofthenormalcomponentof
theatmosphericturbulence.Thepowerspectrumforthegivenquanti~
canthenbe obtainedby takingtheFouriertransformof itscorrelation
function.Thispowerspectrumisconsideredhereintobe thedesired
endresult,becausethemesn-squarevaluesofthequantityanditsderiv-
ativescanbe obtainedfromit,andotherstatisticalparametersof
interestcanbe obtainedfromthesemean-squarevalues.Severalalter-
nativeapproachesforcalculatingtheaforaentionedspectrwn,either
fromthecorrelationfunctionordirectlyfromthespectrumof atmospheric
turbulence,sregiveninconnectionwiththeliftsndme directlyappli-
cabletootherquantitiesaswell.
Inthispartofthereporttheassun@ionismadethattheinfluence
functionsof concerncanbewrittenasproductsofa functionoftime
aloneanda functionofdistancealongthespsmalone,andadvantageis
takenof thissimplificationin calculatingthedesiredspectra.This
restrictionisremovedinthelastpartofthereport,wheretheinfluence
functionsconsideredcannotbe sep~atedintospace-dependentsmdtime-
dependentconstituents,andsotheapproachesoutlinedthereme general-
izationsofthosepresentedinthispart;theymsyaho be usedforthe
calculationfthespectraofthequantitiesconsideredinthispartif
theassumptionconcerningtheinfluencefunctionsisnotvalid.
DefinitionsofStatisticalPsrsmeters
Aspointedoutintheintrmiuction,theintensityofthevertical
componentofturbulencew(t) isa randomprocess,sothattheresulting
forcescanalsobe knownonlyin a statisticalsense.Thepurposeof
thispartis tocalculatecertainstatisticalpropertiesoftheseforces
nsmely,theirmean-squarevalues,theircorrelationfunctions,andthei?.
powerspectra.Thefundamentalprinciplesinvolvedinstatistical
10 NACATN3910
.
analysesofthetypeconsideredhereinareexpoundedinscmedetai1,and
citationsoftheliteratureonthesubjectaregiveninreferences1
snd2. Thesefundsmentahwillthereforenotbe repeatedhere.Hmever, .
bothforthesakeofreadyreferencesndinammchasthestatistical
termsarenotalwsysdefinedinthesamemanner,theformsthatareused
hereinareindicatedinthesucceedingparagraphs.
Thettieaverageofa time-dependentquantityisdesignatedby abax
1 andisdefinedasfollows:placedoverthesymbol,
J’Tl-=1~~T+c02T.T”E(t)dt
TheassumptionwillalwaysbemadethatthisMmit existsandisinvsrianl
undera translationftheoriginoftime. Thisassumptionimpliesthat
theprocessesconsideredherearestationaryina statisticalsense.
—
Themeanofa randcmprocessf(t) isdefinedasitstimeaverage,
andisalwsysassumedtobe zero. IndeaLingwithprocesseswtthnonzero
meanthisanalysisisthuspertinentordytotheprocesswhichconsists
ofthedifferenceb tweentheoriginalprocessanditsmeanvalue.Sinli- .
larly,themean-squarevalueof a randomprocessf(t) isdefinedas
thetimeaverageofthe.squareofthepioce12s,othat
.
J’T~=”lh~ f2(t)dtT+m2T -T.
Thetime-correlationfu ctionof f(t) isdefinedas
$f(T) = f(t)f(t+T)
so that
%h~nopossibil.ityof confusion~ists,a barisahb usedto
designatea spaceaverage,asinthecaseof @ and ~. Also,forthe
componentsofturbulencethecorrelationfunctionsdependprimarilyon
spacedisplacementsandcanbe defin@by spaceaverages.Forthesake
of consistency,however,theyareco~ideredtobe definedby time
averages.
..
.
.
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andthepowerspectrumof f(t) isdefinedaatheFouriertransformof
thecorrelationfunction:
Thesecondformisthemoreconvenientonewhen ~f representsmore
nearlya spacecorrelationthana the correlation,sothatitdepends
directlyona spacedisplacanentr- UT ratherthanona timedisplace-
ment T. Forthepurposesoftheanalysispresentedherein,thegust
or inputcorrelationfunctionshavethisproperty,sothat,forinstance,
$W -be definedas
*w(r)= ()w(t)w t+
I&virtueofthereciprocalpropertiesofFouriertransformsand
thesymmetryof *+(T),whichisa directconsequenceoftheassumed
.
stationsri~of f(t),~ msybe expressedin
fas
f
m
~= qf(a)ti
o
If f(t) istheinputofa llnearsystm,
theresponsex(t) ofthesystemisrelatedto
f(t) by
termsofthespectrumof
(1)
thepowerspectrumof
thepowerspectrumof
(2)
where H(m) isthetransferfumctionofthesystem,thatis,thecomplex
amplitudeoftheresponseofthesystemtounitsinusoidalinput.Hence,
. .
H(u) isalsotheFouriertransformoftheindicial
thesystem,whichisdefinedhereinastheresponse
unitimpu~iveinput:
H(m)= I e-tith(t)dt
d -m
responseh(t) of
ofthesystemto a
(3)
12
wherethelowerlimitcouldbe takenaszero,sinceh(t) Iszerofor
-t <o.Conversely,h(t) canbe obtainedfrcm H(u) bymeansofthe
inverseofequation(3):
.
(3a)
Themea-squarevalueofthe
gratingitsspectrum.Similarly,
derivativeoftheresponsecanbe
outputspectrum.Forinstance,
responsecanthenbe obtainedby inte-
themean-squarevaluesofthenthtime
obtainedfromthe(2n)thmomentofthe
Wan themean-squarevaluesofthesederivativesotherstatisticalquan-
titiesof interest,suchastheexpectednumberofpeaksoftheresponse
perunittime,canthenbe calculated.
.
Lift-InfluenceFunctionsinUnsteadyFlow
At anytimetheLifton awingwhichresultsdirectlyfrcmatmos- .
phericdisturbancesc nbe expressedforanunsweptwingas -T
(4)
where h(t,y)dy isa lift-influencefunctionwhichrepresentsthelift
causedby animpulsiveverticalgustofWidth dy whichatthe t = O
impingesonthewingatstationy.
.
Theinfluencefunctionsrequiredin.equation(4)me difficultto
calculatedirectly;methodsforobtainingliftdistributionsonwingsof
finitespaninunsteed.yflowusuallyrequirenumericalsolutionswhich
do notlendthemselvesreadilytothesnalysisof angle-of-attackdistri-
butionsrepresentedby deltafunctions.However,by virtueofthe“reci-
procitytheoremsof linearizedlifting-syrfaceth o~ (ref.6,for
instance)theliftinfluencefunctionfora“”twistedwinginindicial
motionisequalto theliftdistribution.thatwingduringindicial
motioninthereversedirectionwithuniformunitangleofattack.The
liftdistributioni indicialmotionwithfiiformangleof attackcsm
be calculatedrelativelyeesily. .
13NACATN3910
Forthe
someunswept
invsriantin
calculations
fewcasesforwhichcalculationshavebeenmade(nsmely,
wings),thisliftdistributiontendstobe substantially
time,exceptforoverallmsgnitude.Forinstance,the
ofreference7 indicatethattheliftdistributionf an
oscillatingrectsmgulsro ”ellipti.cwinginincompressibleflowissub-
stantiallyindependentoffrequency,sothatinindicialmotionItis
substantiallyindependentoftime. Thissimplificationmsynotbe valid
forsweptwings.
Theliftinfluencefunctioncanthen
h(t,y)=+hL(t)
where Y(Y) deftiesthesteady-statew-t
angleof attack:
and
the
lnsy
bewrittenas
Y(Y) (5)
distributionforuniformunit
where hL(t) describesthevariationoftheoverallmagnitudeof
liftasa functionoftimeafterentryintoa sharp-edgegusta.n3
bewrittenas
hL(t) %qsd
)
._.k+&
u dt
titurn, ~ istheliftresponseto a unitsharp-edgeustnormalized
to a steady-statevalueofuni~ and1s,asintheprecedingequation,
usuallyexpressedintams ofsemichordlengthstraveled‘t
-z”
Thetime
derivativeistakenherebecausetheresponsewantedisthe-oneto a
unitimpulsivegustratherthana sharp-edgegust.
TheFouriertransformEL(u) ofthisfunctionhL(t) isproportional
to a function~(k),whichmsybe termedthegeneralizedSeersfunction
becausefortwo-dimensionalincompressiblef owit istheSesrsfunction:
(6)
where
NACATN391014
Thefunction
to sinusoidal
fromthegust
HL(u)representsheccnnplexamplitudeoftheliftdue
.
gustsofunitamplitudeandisthusthetransferfunction ‘-
tothelift. 9
Actually,onlytheabsolutesquareof ~(k) willberequired.For
two-dimensionalincompressiblef owthefollowingapproximationisgiven
inreference1:
(7)
Thisexpressionhastheadvantageofsimplicity,althoughitissomewhat
inerrorcomparedwiththeabolutesquareoftheSearsfunctionatvery
lowfrequencies,a factwhichcouldbe remediedby usingtheapproximation
where a isabout15
However,thebehavior
[@(k)12- 1+*
1 + ak(l+ &k)
fora goodoverallfittotheexactexpression.
oftheSearsfunctionitselfatveryhighfi.equencies
isunrealistic,becauseitsabsolutesqu~e goesto zero‘& ~/k,whereas
formy nonzeroMachnumberandmy finitespantheabsolutesquareof A“
thegeneralizedSearsfunctioncmbe showntotendtozeroat leastas
rapidlyas lf~. As a resultofthesediscrepancies,theapproximation
givenby equation(7)and,forthesanereason,theabsolutesquareof .
theexactSearsfunction,cannotbeusedtoobtatnmomentsofthelift
spectrum,thatis,valuesofthemean-squ”ued rivativesofthelift,
althoughtheym~ be sdequateforcalculatingthemean-squsrevalueof
theliftitselfinmanycases,particular~whenabsol~teaccuracyis .-
notrequired.Wheneverpossiblethev’aluksmf I~(k)I giveninrefer-
ence8 fortheplsnformandMachnumberofinterestshouldbe used.
Mean-SquareLiftandItsSpectral
theUnsweptWing
Resolutionfor
,.
.
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.
wheretheaveragedproductontheright
lationfunction.Thisfunctiondepends
15
siderepresentsa velocitycorre-
ingeneralonbothspaceandtime
. displacements. However,ifTaylor’s~othesi.sismsdejthetimedis-
placementsareequivalentto longitudinalspacedi~placments.Theveloc-
itycorrelationfunctionssrethenfunctionsonlyof longitudinalnd
lateralspacedisplacements.Thus,forhomogeneousturbulence,
W(X+Ut,y)W(X+@(t+T),y+~)= ~w(~~r,~) (9)
b sdditiontoTaylor’shypothesisandtheassumptionofhomogeneity,
theturbulenceis sssumedtobe sxisymmetrictithrespectovertical
,
axes,sothat ~w(g,~)isa functiononlyof f~2
istheordinary
and,hence,
space-correlationfu ctionVW,so
~w(UT+~,~)= $W(jm)
+ ~2”Thisfunction
that
%(T)‘j’’~’j’’~:;‘(t,~y.)‘(%Y,) *w(~(T+t,-t,)2+(Y2-Y,]2)WdY2..1..2
in equation(5)isnowmade,thepreceding
.
Iftheassumptionimplicit
equationcanbewrittenas
(U T+t@2)) dtldta‘L(t2)~We ( (lo)
where
1Jb=-b. ‘(~)*W(R) ‘V (11)
. .
.
where,inturn, F(~) isanautoconvolutionof 7(y) definedby
J
g- v
r(q)= : Y(Y)Y(Y+7)w (12)
-b/2
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Thevalidityofequation(11)canbe demonstratedby performingthe
Integrationi the yl,Y2 plsneas indicatedinthefollowingsketch:
Thatis,integrationisperformedfirstover yl,witha variable
~ = Y’ - Y~ heldconstant.Forthisintegration~w isconstant,so””
thatOn~ 7(Y1) and Y(YI+7)areinvolved,andtheresultisa .
functionof v whichisone-halfofthetiction l?(~)definedby
equation(12).Thesecondintegrationisthenperformedover ~,
yieldingequation(11)exceptfora fact@ of1/2. Inthisprocess,
.
onlythepsrtofthesquareabovetheline_y2= yl iscovered.How-
ever,by a similarprocess,thepertof~he_integralcorrespondingto
.-
thepertofthep-e belowthislinecanbe evaluatedad showntobe
equaltothefirstpart,sothatby defiriingr as ine@ation(12),
bothpartssretakenintoaccountsimultaneouslyinequation(11).
Thequantity
m~ be consideredanaveragedmean-squsrev rticalcomponentofturbu-
lence;vwe(~r) isthenthecorrespondingcorrelationfunction,andthe
Fouriertransformofthelatter,
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isthecorrespondingpowerspectrum.
Once ~e(m) hasbeenobtained,
canbe obtainedby takingtheFourier
tion(10).Theresultis
(13)
thepowerspectrumofthelift
trsmsformsofbothsidesof equa-
(14)
where HL(u) isthetransferfunctiondefinedintheprecedingsection.
Themesnsquareof theliftcanthenbe obtainedby integratingits
spectrum,as indicatedinequation(l).
Equation(14)hasthesameformasthecorrespondingequationfor
thecasewherespsnwiseaveragingoftheeffectsofturbulenceisnot
takenintoaccount(seeeq.(2)andref.1),excepthat
replacedby qwe(u).Thus,thespectrumoftheaveraged
.
approachthatoftheunaveragedturbulencewhenthespan
as~ be seentobe thecasefromequation(11]andthe
. Y(Y) and ~q).
Cpw(m)isnow
turbulencemust
approacheszero,
definitionsof
for ‘%e(a)jTwoalternativeapproaches.-Thedefiningrelations
equations(11)and(13),donotnecessarilyrepresenthebestmethod
ofcalculatingitinmy givencase.A slightlydifferentexpression
appearstobemore
equation(11)into
toyield
where.
convenientingeneral.It consistsinsubstituting
equation(13)andinvertingtheorderof integration
(16)
so that
.
$W((.D,O)=q+&D)
18
A thirdapproach,whichhas
similarto theonethathasbeen
the
the
The
assumptionofaxisymnetryis
spectrum
NACATN3910
certain,advantagesovertheothers,is
usedinreference‘j.Inthisapproach
nottie initially,anduseismadeof
correlationfunction$’ (UT) canthenbewrittenasWe
(lya)
.
Sribstitution
theorderof
ofthisexpressionintoequation(13)andtheninterchanging
integrationyields:
.
where
andis,asa
Now,if
b/2
~(~)S*
J
.
7(Y)e“i~@
-b/2
resultofthesymmetryof 7(y),realandsymmetricin x.
theturbulenceis sxisymnetric,~ dependsonlyon
—
so thattheexpressionfor
qwe(u)=
~we(u)becoines
(18)
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where C3W(A) isrelatedto ~w(r) by
.
I wc!!(h)=: r Jo(hr)o
Althoughthespectrausedinthelast
definedby expressionsinvolvingthepoint
twoapproacheshavebeen
correlationfunction$W(r),
theycanbeexpressedequallywel.1intermsofthepointspectrum9W(Q)),
sothatif,ssy,anexperimentallyobtainedpointspectrumistobe used,
itneednotbe transformedintoa correlationfunctionbeforeit canbe
usedinthesecalculations.me requiredrelationsre
$..(0,7)=q3.Jcu) ()-%(’.(”l)l;’ ,JJ”pq-u)
wherethenotation~ isusedto specifythatthefinitepertof
theintegralistobe taken,anoperationwhichmsybe performedby
integratingby psrtsandignoringtheinfinitepart,sothat,interms
ofa properintegral,
Also,the
eitherof
function@w(h) canbe obtainedfrcanVW(u,q)bymeansof
therelations
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Resultsofcalculations.-Inorderto illustratehemagnitudeof
theeffectsunderconsideration,calculationshawebeenrQsJ3’6fora uni-
formloading7(Y)= 1 -anda pointcorrectionfunctionwhichhasbeen
usedinreferences1 and2 andappearsto,fitexperimentaldata(ref.4)
fairlywellovera largeportionofthesignificantfrequencyrange,
nameIy,
sothat
FL* 1 + 3k’2qw(u)= ~
(1+ k’2)2
where L* istheintegralscaleofturbulence,whichisheredefinedas
andwhere
Thiscorrelationfunctionhasthedrawbackthatthemomentsofthe
spectrumassociatedwithit sxeinfinite,sothatit@lies a process
withinfinitemean-squared rivatives,butitisquiteusefulifonly
themean-squarevalueoftheprocessitselfisofinterest.
Foruniformloading,
and
l-’(,)= 2(1+
.-
—
.
.
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andforthegivencorrelation
21
function,
.
~(u.),y)=
[%“fi’’(3-=7-(3i)2+’k,2$1+,,2%(i-jl+k’
where ~ and K1 aremodifiedBesselfunctionsofthesecondkind,and
*7L*2
!3W(A)= kt’
fiu2 3/2(1+ k“)
Themean-squsreaveragegustintensityforthiscaseisgivenby
where P -b/L*,andisshowninfigurel(a).Thecorrelationfunction
$We iSgivenby
z
[ )($we(r)= ~ a fil~a;sinh-~) - ~ %(C; Sillh-l~ + ~ e-a- e- ‘P2
~2 1F-)
where crs r/L*,andwhere ~(a;e) and %l(cr;El)areincompletemodi-
fiedBesselfunctionsof thesecondkinddefin~by
Thespectrum~e(o) isgivenby
22
where KiO(x)istheintegralof ~(x):
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me functions$We and QW~ (normalizedwiththeaverag~mean-
squareturbulentvelocity)areshowninfigures2 and3,respectively.
Theeffectofthespanratioonthenormalizedcorrelationfunctionof
theaveragedturbulencemsybe seentobe relativelysmall,sothatthe
effectontheunnormalizedcorrelationfunctionisprimarilythedecrease
V -t. ~. A stiils,r statementinoverallevelgivenby theratioof we
maybemsdeforthepowerspectrum.Ifthepowerspectrumwerenot
normalizedtheaveragingeffectofthespanwouldtendtoreducethe
intensityofthespectrumatallfrequencies,butthehighfrequencies
wouldbe attenuatedmuchmorethanthelowones,= mightbe ~ected.
Infact,althoughtheunaveragedspectrumdecreasesas U-2 athigh
frequencies,theaveragedspectrumdecreasesas U-3.
Theasymptoticvaluesfor b/L*+m we showninfigures2 and3
inorderto indicatethenatureofthefunctionsconsideredherewhen
thescaleofturbulenceissmallcomparedwiththespan,asw be the
casefora wind-tunnelmodelrespondingtonatural”or artificialtunnel
turbulence,orfora %tiffetingwingortailsurface,althoughthiscon-
ditionisnotofpracticalconcernforthegust-loadprobla.
Thepowerspectrumoftheliftise~l to theproductofthepower
spectrumcpwe(u)andtheabsolutesqusreofthetransferfunction~(u),
asindicatedinequation(14).Inasmuchasthisliftisnotanendin
itselfbutonlyoneofthepsmmetersthatenterintothecalculations
ofthemotionoftheairplane,itsmesn-squsreintensityisof little
practicalsignificance;itsspectrumisthequantityneededinfurther
calculations.However,ifthemean-squareintensityiswantedforany
reasonitcanbe obtainedby integratingthespectrum.Thus,forinstance,
theapproximate
spectrumpw(u]
lift:
expressionfor I@(k)12gi~m by equation(7)andthe
usedfortheprecedingcalculationyieldsthemean-square
-.
.
.
m
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where
I-*
‘%
and,inviewoftheobservation
containedina regionforwhich
thatmuchoftheturbulentener~ is
thespanhasa verysmalleffecton the
(normalized)spectrum,thisequationshouldservetofurnishanapproxi-
mationto themean-squareliftfornonvanishingspan,providedw~ is
usedinsteadof ~. However,themean-squsrevaluesof thederivatives
oftheliftcannotbe calculatedinthissimplemaaner,becausethe
deviationofthenormalizedaveragedspectrumfromthepointspectrumat
highfrequenciescannotbe ignor~
liftspectrum.
Mean-SquareLift
Fortheyawedor sides~pping
incalculatingthem-&entsof the
oftheSweptWing
unsweptwing,equations(10)and(~k)
fortheMft-correl.ationfu ctionandspectrumarestillvalidif an
appropriatelift-influencefunctionisused,andifthecorrelation
functionfortheaveragedturbulenceisdefinedby
.
where I’(q)nowpertainsto
appropriateforyawedmotion
cosA
)17(q)~w[~~ dq
a lift-distributionfu ction“Y(Y)*whichis
md isdefinedfor -~cosAzyz~ cosA.
Themean-squareaveragedintensityof
isthen
7 b COSAwe = 1
JbcosA O
thevertical~omponentoft~bulence
v
r(~)vw(co”A)— d~
where q1=11 Thus,thismean-squareintensityisunaffectedby the
cosA-
yatingprocess,exceptfor”theslightchangewhichresultsfromthechange
in I’(q),althoughthespectralresolutionoftheaversgedintensity
chsngesintheprocess.
24
Forthe
integral,so
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swept:yingboth Y2 - Y~ ad IY21- Iyll occ~ inthe
thatthereductionofthe”doubIeintegralfor ‘~we(UT)to
.
.
a singleintegral(seeeq,.(11))cannotheaffectedsosimply.The
doubleintegralforthesweptwingis _, _ ,~~ .
--
Fromthisintegral,by usingrectangularliftdistributionsandthe
aforementionedpointcorrelationfunction,themeansquareoftheaveraged -
turbulenceaswellasthecorrespondingcorrelation”f’unctionW power
spectrumhavebeencalculatedby numericalintegrationforvariousweep
anglesA, theratio--& beingmaintaine~dat0.5. (Thedecisionto
hold -& ratherthan ~ constantwasreachedas a resultofthe
foregoinganalysis_oftheyawedunsweptw,@g,whichindicatedthatthe
effectsof sweepshouldbeminimizedinthisManner.)Theresultsfor
? isseentOT
‘e areshowninfigure1,andtheeffectofsweepon we
be smallforthiscomparison.Thecalcu~tedcorrelationfunctionsand
(spectranormalizedwithrespecto we2‘) smenotshownbecausethey
agreedwiththosefor A = O withinlessthan1 percentformostvalues
of UT and k’jrespectively.
Mean-Square
Intheprecedingsectionsthe
RollingMoment
averag+geffect
—
ofthespanhasbeen
shownto consi&t,essential~,inreduciru?theeffectiveint&sit.yofthe
turbulencesensedby thewi@~ thus,ito~lymodifiestheforcespresent
on a wingof small.span.Iftheanalysis”is-”extendedtotherolling
moment,however,a newphenomenonappe~s”._Wh~a_y@ issosmallrelative _
to thescaleofturbulence.thatat‘q instantallof itspointsexperience
thesameturbulentvelocity,thewingexperiencesnorollingmomentasthe
resultofthedirectactionofturbulence.(althoughitmsyexperiencea.
rollingmomentindirectlyasa“resultoftherollingandyawf~-”motion
causedby thelateralcomponento“fthet-~buknce).Ontheoth&rhhd,
ona lsrgewingthedifferentintensities.oftheturbulenceatdifferent
pointsonthespangiverisedirectlyto a netrollingmament,whichthen
— —
resultsinrollingmotion.
momentiscalculated.
At anyinstantt the
sameformasthelift L(t)
Inthissectimthe.mean-=quarevalueofthis
.
rollingmomentL!(t) canbe writteninthe
inequation(4.);however,accokdingtothe
—
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previouslymentionedreciprocityheorem,thelift-influencefunc-
tion h(t,y)isnowtheliftdistributionforanindicialrollwith
unithelixmgle atthewingtip. Iftheassumptionof invarianceof
thisdistributiontithtimeismsde,asforthesymmetriccase(see
eq.(5)),thenthereqyiredlift-influencefunctioncanbe writtenas
h(tjy)=+h’(t) 7’(Y)
C!z(t)qm
where h’(t)= ‘N , andwherethesteady-stateliftdistribution
y’(y)= 5 now pertainsto a unitlinearantis~etric~~e of att~k. .
Ec1
Thecorrelationfunctionforthemomentcanthenbe writtenas
*L*(T)=,[:J: h’(q) hy*2] %:(U(T+%-*2)) ‘% ‘t2 (22)
where
b1=-
1bO
where,inturn,in
“(~) %4=3‘q
analogywithequation(12),
J’(b/2)-qr’(q)=: Y’(Y)7’(Y+V)W
-b/2
(23)
Hence,thesecondandthirdapproachesindicatedinthesectionconcerned
withthemean-squsrelift(see”eqs.(15)and(16) canbe usedto obtain
b
Cpwel(d =:
J
r’(~)~w(~,q)d~ (24)
o
26
and
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where
Jb/2p(~) = Lb 7’(y)e-i~ dy
-b/2
and
(25)
\-
1-
sothatthemesm-squareollingmomentcm.be obtainedby integrating
thisspectrum.
A qualitativeindicationftheeffectof spanonthemem-square
rollingmomentsensedby anairplene~ be-obtainedfra theqmntity
vwef(o),whichrepresentstheintegralofthespectrumQwe’. Fora
linearloading,7’= 6 ~ and — .
b/2
r’(~)=+-6*:%71 -
Eence,usingtheaforementionedexpressionforthepointcorrelation
functionyields
L*Fcpwe,(u)== 18
{[
—
-32+ 2~’2+ (16p’2+ p’k) K@) -1-
j3’4@+ ,’2)4
‘32P’‘6”3)‘Ml+“2F2-6~’”2- 16~’2~(p’)-
(32I3’+ 2!3’3)K1(13’) + P’3 Kio(P’)1}
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where
27
and
P’
$We,(o)=
[
1273#i--
Thisspectrumanditsintegral
zero.
(6+e-fi6+6p+3p2+
approachzerolinearlyas B tendsto
GeneralizedAer@ynamicInfluenceFunctionsinUnstesdyFlow
Theaerodynamicnfluencefunctionsusedintheprecedingsections
definethecontributionfa givenstationofawingtothetotalHft
s.ndrolldngmoment.Ihtheanalysisofa flexiblewing,andeveninthe
calculationfcertainpropertiesof a rigidwing,generalizedaerodynamic
influencefunctionssrerequired,whichdefinethecontributionf one
stationonthewingto theliftat anotherstationandthusrepresenta
Greenlsfunctionfortheunstesdyspanwiseliftdistribution.Nowork
appearstohavebeendoneonsuchfunctions.Forsteadyflow,apartfrcm
somecalculationsforsupersonicspeedswhichme basedonthesubdivision
of a givenwingintoa numberofsqusres,theonlyavailableresults
appearto’bethosegiveninreferences9 and10.
Theanalysisinthissectionisbasedonreference8 andconsists
ina generalizationof themethcdpresentedthereintounstesdyflow.
Thismethodconstitutesan attemptopredictheUft distributionfor
w giv~ ~st ontheb-is ofknmledgeconcern- a fewdefinite
single-of-attackdistributions,andmsythereforebe termeda function-
interpolationmethod.Forthepresentpurpose,thepresunuiblylmownlift‘
distributionssretheonesforuniformangleofattackindirectand
reverseflowina dhnensionl.essform~nsmely,ccz~; theywillbe
referredto u 7D(Y)
~d 7R(y]Jrespectively.(The”function7(y)
usedpreviouslyistheonenowdesignatedby 7R(y).)Alsorequiredis
thecoefficientofdsmpinginroll Czp. (Thelift-curveslopeandthe
coefficientofdsmplnginrollarethe”ssmeindirectsndreverseflow “
by virtueofthereciproci~theoran,sothatnodistinctionwillbe
msile.]
Theapproachofreference9 thenyieldsthe”feting approximate
expressionfortheliftdistributiondueto anyangle-of-attackdistribu-
tion:
.
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cc-1
_=c&
75 { ] ()}~ 7D(y)+K[a(y)‘E 7RY
where
J’b/2ti=~b 7R(y)a(Y)@
-b/2 —-
(26)
.
r
—
(27)
Valuesof K maybe obtainedfromtheinfor&tiongiveninreferences9
and10. As theaspectratiotendsto zero,K approaches1/2,whereas
foraspectratiosapproachinginfinity,K tendsto 1. Thefollowing
relationscanbe obtainedfromelment~ definitionssadfromthe
aforementionedr ciprocityheorem:
~ Jb/2 J b/2b 7~(Y)W“$ 7R(y)@ ‘1
-b/2 -b/2 -
J’b/2~czCZ=Lb2 —Y*
-b/2 E ...
c~=?J:(?)W;2yw
,.
Withtheaidoftheserelationsthelift”distributio~sgivenby equa-
tion(26)mayreadilybe seentohavethecorrectliftandrolling“mament
forallangle-of-attackdistributions,andtoreducetotheexactlift
distributionsforangle-of-attackdistributionswhichvarylinearlyalong
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.
thespan.A liftdistributionwhichpossessesthesepropertiescould
resdilybe obtainedby approximatinganygivensngle-of-attackdistribu-
. tionby a suitablychosenlinearone. However,thisprocedurewould
yieldpoorerapproximationsthantheonesfurnishedbyequation(26);
fora parabolicangle-of-attackdistributiona wingofverysmall
aspectratio,forinstance,thisprocedurewouldyieldthelift
distribution
witha bendingmcmenttoolowby 17percent
exactliftdistribution,
r
COmpfWed tith
1%=$1-(*r~+2(5-zr]
whereasequation(26)melds
%=dqzr[+’(i-i
withabendingnmnent8 percentoohigh.Forverylsrge
7D and 7R bothtendtothechorddistributionc/E,so
theoneofthe
aspectratios,
thatthelift
distributionsgivenby equation(26)tendtothecorrectlimitingvalue,
(-)
ccz
=Cz Qa
E A*w aE
(28)
Thereforetheaccuracyoftheresultsfurnishedbyequation(26)maybe
expectedto Increasesatheaspectratioincresses,whereastheaccuracy
of theotherapproximationis independentof aspectratio.
liIthisconnection,itmqfbementionedthat‘Istriptheo~t’consists
inusingequation(28)forallaspectratiosand,hence,isnotvery
satisfactoryforwingswithmediunsndlow~pectratios.Forinstance,
forthecssediscussedintheprecedingparagraph,itfurnishesa bending
mcxnentwhichistoolowby ~ percentfora deltawing,smdtoohighby
25to 100percentfortaperedwings. (Thetwofigurespertaintotaper
ratiosof 1/4end1,respectively.)
Substitutingthevaluefor-~ tiomequation(~) intoequation
givesthefollowingexpressionfor Cclp:
cc. CL b/2b
—= —
J {[7~(Y)- }
K 7R(Y)+ bK b(Y-7)]7R(7)a(v)dqE b
-b/2
(26)
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KPhexpressioninbracesintheintegrxdisthedesired
aerodynamicnfluencefunctionendwillbe.designat”edby
.—
—. .
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gemrald.zed
G(Y,T);sothat
—
(30)
b thelimitingcasesofwingsofwry loworveryhighaspectratio,
7D and ?’Rapproacha ccmmnonvalue,ssy 7. Thus,forwingsofvery
lowaspectratio,
*here 5 istheDiracdelta(unit-impu@e)function,andforwingsof
veryhighaspectratio,
whichistheGreen’sfunctionassociatedwithstriptheory.Thus,on
wingsofveryhighaapectratioalltheliftprducedby thelocalangle
of attackata given.stati.onis carriedintheimmediatevicinityof
thatstation,whereasonwingsofveryLowaspectratiomuchofthelift
iscarriedelsewhere.Thistendencyfora givenstationtoaffecta
greaterportionofthewingasthespandecreasesis,ofcourse,tobe
expected.
Theprecedinganalysiscanbe appliedto theoscillatorycaseat
a givenreducedfrequencyk, aswellastothesteadycase. Ifthe
assumptionof invarianceofnormalizeddistributionswithtimeorfre-
quencyismade,asbefore,then 7D(y),7R(y),and K We independent
offrequency,sothatequation(x) cenbewrittenas
C%(k) qs b/2
l(y;k)= ~ /’ . G(Y,q)a(q)dq (32a)
where G(y,~),definedas
Fouriertransformationto
relationisthenobtained
bulence(cf.eq.(4)),as
tion(5):
b< d -b/2
before,isindependentof k. By applyinga
bothsidesofthisequationthefollowing
forflighthroughcontinuouslyvaryingtur-
modifiedby the~assumptionstatedinequa-
.
.
.
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.
,1: +G(t,)‘h :~: ~(y$v~Wpqt-q),q ., (,m,Z(y,t)= ~.
,
where Z(y,t) istheliftperunitspa at stationy smdtimet, and
wherethefunctionhL(t) istheoneusedpreviously.
Thecorrelationfunctionforthisliftcanthenbewrittenas
(33d
wherethefunction
.
.
representsaneffectivecorrelationfunction,whichwhentransformedinto
theequivalentpowerspectrumCJJwe(u,y)canbeusedto obtainthepower
spectrumfor Z(y).)sndhenceitsmean-squsrevalue.Thus
(33b)
Beforethecalculationf
~E(UT,y) willbedefinedin a
precedingparagraphin orderto
!!WE(U,Y)isdiscussed,thefunction
somewhatmoregeneralformthaninthe
anticipatefutureneeds,nsmely
Iftheassumptionisnowmsdethat 7R(Y) ad 7D(y) me thes=ej ~
isthecase”forallunsweptwingsandforwingsofveryloworveryhigh
aspectratio,theycanbothbe identifiedwiththefunction7(Y) used
previously,so that
G(y,q)= El -K) 7(Y)+bK @Y-7~ 7(7) (m)
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where Vwe(UT) isthecorrelationfunctioncalculatedpreviouslyfor
theaveragedverticalcomponentofturbuleqqe,andwhere
Similarly,then,
Qwe(%YpY2)= { 1(1-K)?Pwe(uJ)+ K(l- K)9we*(0,y~+
}
9we*(%Y2)]+ ~ 5W(%Y2-Y1)~(yl)7(Y2) (35)
where ~e*(u),y)istheFouriertrsmsformof ~we*(UT,y),sothat
(36)
andthusrepresentsanaversgedformofthespectrum~ introduced
previously.(Seeeqs.(1.6)and(19).) Foruniformsps.nwiselosdingsnd
thepointcorrelationfunctionusedpreviously,thisfunctionis
‘%%(%)-%Ko(%)j+~?wl)+%%’dj}
where
IYIandisshowninfigure4 forseveralvaluesof —.b/2
.
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Themorerestrictedformof ~c requiredin equation(33B)can
nowbe obtainedfrcmthemoregeneralformgiveninequation(35)by
settingy2 = yl = y inthelatter,toyield
~E(u] =
[(1- K)2qwe(m)+@l -K) !$we*(%Y)+K%W(47 *(Y) (37)
Mean-SquareB ndingandPitchingMcments
Whenthe
intoaccount,
variationofthegustintensityalongthesps.nistaken
themesa-squarelift ~ isnotanadequateindexofthe
stressesinthewing,nor
squareliftdistribution
twistingmoments,a9well
calculateddirectly.
canthestressesbe obtainedfromthemean-
Z*(y). &stead,themean-squareb ndingand
asthemean-squsrev rticalshear,mustbe
~ a manneranalogoustothatemplq%xlfortheldftandrolling
moment,eachofthesequantitiescanbe expressedintermsof a certain
influencefunctionwhich,bymeansof thereciprocityheorm,canbe
relatedto a liftdistributionthewinginreverseflow. Forinstance,
fortherootbendingmomentthedesiredEft distributionistheonefor
smangleofattackwhichis zeroon onewingandproportionalto y on
theother,asm~ be seenfromthefactthatthebendingmomentcsmbe
expressedas
where
so
or
that,according
indicialflow,
Similsrly,forthe
f(y)= o
f(y)= y
to thereciproci~
(y< o)
(yzo)
theoryforunsweptwingsin stesdy
rootsheartherequiredliftdistributioncorresponds
to an~ie ofattackwhichis zero& onewinganduniformontheother.
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Suchliftdistributionscanbe calculatedresdily.Forinstance,
.
forsubsonicflowandunsweptwingstheycanbe obtainedfrcunthosegiven
inreference10;theliftdistributionfortherootbendingmomentis .
one-halfthesumofa linesrsymmetricandlinearantisymmetriclift
distribution,andtheliftdistributionfortherootsheszisone-half —
thesumofa liftdistributiondueto a uniformangleofattackanda
liftdistributionduetodeflectionof a full-spanaileron.
However,inscmecasessuchcalculationsmsYbe t~e-cons~ng~
andanalternativeapproachmsybe desirable.Onesuchapproachconsists -
insynthesizingthedesiredinfluencefuqctionfromthegeneralizedlift-
influence(Green’s)functiondiscussedintheprecedingsection.h
orderto illustrateheuseofthisapproach,it isadoptedinthis
section.
!lTneb ndingmomentatanystationy (
()~y~:
) andatany
time t csmbe obtainedfromtheliftdistributionconsideredinthe
precedingsectionas
1II/2MB(y;t)= (y’ - y) 2(y’,t)dy’Y .
= ;j”‘L(%)‘t,~”‘i(y),) W(u(t-t,),i) d-, (38)
wheretheinfluencefunctionfortheberifiingmoment
Jb/2R(y,q)=+ (Y’-Y
sothat,uponintroducingthepreviously
y)”-G(y’,v)
is
w’ (39a) -
usedfunctionfor “G(y,q)
K ~(Y,v)17(v) (39)
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.
where
. I b/2Ml(y)=+ (Y1-Y) 7(Y’)w’Y
M2(y,rI)= q ‘y (~> y)
MJY,V)=0 (n5 Y)
and,hence,fortherootbendingmmment,
J
b/2
MI(0)=+ ~ Y’ 7(Y’)@’
M2(Ojq)=q (n> 0)
M2(o,?-1)=0 (75 0)
. Hence,thecorrelationfunctionfortherootbendingmomentis
.
K(I- K)Ml(0)[W-@ql) + M2(O>V2~+
Theapproachusedinthepreceding
powerspectrumoftherootbending
integralsof equation(40),taking
(40)
sectionscannowbe usedto obtainthe
momentby evaluatingtheinnerpair’of
theFouriertransformoftheresult
withrespecto r, andmultiplyingthepowerspectrumobtainedinthis
‘a by (+~l@(k)12 orby usingoneofthealternativeapproaches
indicatedforthelift.
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F
Thespectrumcorrespondingtotheinnerpairofintegralsis,for
K= 1 anduniformloading,
qwe,,(a)=
where B’
L*F
{[(-64+2B’2)+8#K/$) + (32fI’+B’3) Kf$] +
fiU~4(l+k’2)4
kt2~~3Kio(~)+(64-6B’2)-8&(~) - (32,’-B’3)K&,}2
.
—
Examinationf ~e~l(0)indicatesthat,althoughthemean-squareb nding
momenttendstodecreaseasthespan@creases,itdecreasesle~srapidly .
. thanthemesn-squsrelift,withtheresult-thattheeffectivelateral
centerofpressuremovesoutboard.Qu&nt~*atively,thedistsmcefrcnnthe
plsneofsymmetrytotheeffectivelateralcenterofpressurecanbe
definedasthesqusrerootoftheratioofthemean-squareootbending
.
momenttothemea squsreoftheliftonoiiewing,thatis,oftheroot
sheer.Althoughthesemeansquareshavenotbeencalculated,thesquare
‘oot‘f‘he‘atio‘f ‘We7!(O)tothecorrespondingvaluefortheroot
shearincreasesby 15.5percentaa ~ increasesfromO toinfinity,with
muchoftheincreaserealizedatfairlysmallvaluesof ~.
Fora sweptwingthevariationof thegustintensityalongthespen
resultsina pitchingmcmentwhichmustbe takenintoaccountin calcu-
lationsofthedynsmicresponseoftheairplaneto continuousturbulence.
Thispitchingmcxnentcanbe obtainedinsubstantiallythessmemanner
asthebendingmoment.Thus,if ~ isthestationofthemeanaero-
i@llsllliCchord,
I b/2M(t)=tanA (7- IYl)z(Y,t)w
-b/2
=tsa A +]-: ‘L(%)%J”; ‘,(~)w-w-o ‘~ (41) -
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.
where
. Jb/2M3(7)= ; (Y- IYI)@Y,7)W
-b/2
sothat,withthepreviouslyusedapproximationto theGreen’sfunctio~J
M3(7)= {(1-KF ‘J”il ‘K(7- l~l)}y(~)
Thecorrelationfunction,spectrum,endmean-squsrevalueofthepitching
mcmentcanthenbe obtainedinthemannerusedintheprecedingsections.
Wing-TailCorrelationEffects
.
Thetailstrikesa givengustsometimeafterthewingdoes;asa
result,a pitchingmomentsriseswhichdoesnotexistinstesdyor quaai-
steadymotion,noriftheairplaneisverysmall,becausethenthetime
kg is insigJlificazlt. Thispitchingmamentcsn,forthepurposeof the
. presentpaper,be snalyzedeitherintermsofthecorrelationbetweenthe
gustsatthewingandthoseatthetailor,ifa time-lagtermis included
intheindi.cial-responsefunctionofthetail,intermsofthecorrelation
. betweenthewingsndtailresponsefunctions.Thefirstpointofview
servesto exhibitheeffectunderconsiderationmoreclesrlyandis
adoptedfirst;thesecondismoreconvenientandissdoptedinthesubse-
quentpsrtsofthisreport.
Inthesmnewhat=tificialcaseofa smallwingmd tailseparatedby
a relativelylsrgedistance,onlythedistributionfturbulencealonga
line(theflightpath)ratherthanina portionof a planeisneeded.
Thepitchingmcmentduetotheverticalcomponentof atmospheric$hrbulence
canthenbe writtenas
M(t)‘~:~(t,) w(U(=I)) ‘%+:mWd W(xt+w-tl))‘ .
.49
where ~ isthetaillength,andwhere ~(t) and ~(t) axethe
pitching+nom=tresponsesto indicialgustshittingthewingsmdtail,
respectively,at t = O;bothmy includeunstesdy-lifteffects,and,
ifdownwasheffectsaretobe considered,~(t) shouldincludethe
contributiontothepitchingnmnentofthetailliftcausedby thedown-
washatthetailassociatiwiththeliftonthewingwhichresultsfrom
theindicialgust.
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Thespectrumofthismomentcanthenbe writtensa
wherethesymbolsR {} snd * designate,respectively,therealput
andthecampl.exconjugateof a ccmplexnumber.Obviously,when ~
approachesO thesecondterminthebracketinthisequationvanishes,
sothatthefirsttermrepresentstheperfect-correlationeffect,and
thesecondrepresentsthecorrectionforimperfectcorrelation.
Tnordertofurnishanestimateofthemsgnitudeoftheeffects
underconsideration,somecalculationshavebeenmadeonthebasisof
theassumptionthata realcoefficientv existssuchthat
%&) =P H-@)
whichimpliesthattheattenuationwithfrequencyofthecontributions
ofthewingliftandtailMft, respective~,tothepitchingmomentis
thessme.Theratiow is -1forneutralstability,and w > -1 for
stableflight;itispositivewhenthe,aerodynsmic-centerlocation
(tailoff) isbehindthecenterofgravity,sothatpositivevaluesof “- ‘--
p. arenotlikelytobe incurredwithnormalconfigurationsandflight
conditions. .
Forthiscase,
9J&D)=p+)l’~1+l-d’-241-Cos ~] !Pw(cJd
and
z(M?)— ()s(l+P)’+ll&&tailalone
where
6N
.
.
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Thefunction~ hasbeencalculatedforseveralvaluesofitsarguments
bymeansofthelift-attenuationfu ctiongivenin equation(7)andthe
pointspectrumusedintheprecedingsections,andisshowninfigure5.
Alsoshownistheratioofthemean-squsremcanentsa a functionofthe
factorp whichinfigure~ isreferredto as ~/~. Theeffectof
Imperfectcorrelationisseentobe verylsrgeastheconditionofneutral
stabilityisapproached;theentirepitchingmcmentisthentheresult
0sinstantaneousdifferencesingustintensitiesatthewingandtail.
Ingeneral,however,thetaillengthandthespansreofthesame
orderofmagnitude,sothatananalysisoftheeffectof imperfectcorre-
lationbetweenthewingandtailmusttakeintoaccountheaveraging
effectofthewingspan. ‘Thepitchingmomentat anyinstantisthen
‘(’)=it: l+’f(tl)q“:y(y)dwtd4w+
J“WI) w(++w-tdJo) ‘t,
Hence,thepowerspectrumofthismomentis
Cf@D)=
where ~e(m)isthe
I%WI 2%e(d + I%(O)I21?@ +
{2Re
%%
}%(0) E#*(d ~e*(oMx
(42a)
(42b)
averagedspectrumofequations(11)and(13),and
cpwe*(uJ,o)isthespectrumof equation(36)for y = O. (Itshouldbe
notedthat ht(t) istheresponseto an indicialresponsewhichstrikes
thetailat t = O; ifitweretheindicialresponseto a gustwhich
strikesthewingat t = 0, thefactore%% intheprecedingequation
wouldnotbe required.)
DYNAMICSOF TIIERIGIDAIRPIANE
Inthispartofthereport hemotionsofa rigidairplanesubjected
toatmosphericdisturbancesareconsidered.Thispartthusapplies
directlyto thoseairplaneswhichflyatrelativelylowspeedsanddo
notexperienceanysignificants ructural.deformations,andalsoserves
as a preliminaryto thetreatmentoftheflexibleairplaneinthelater
psrts.
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Theassumptionismadethatthemotionsaresmallenoughtopermit
.
theuseof linesrapproximationstotheresultingaerodynamicforcesand
topermitthelinearsuperpositionofthese-Tortes.Thelongitudinal
degreesoffreedom(pitching,vertical,andhorizontalmotion)andthe
.
lateraldegreesoffreedam(yaw,sideslip,@ roll)canthereforebe
consideredseparately.Thefirsttwosectionsofthispat me concerned
withthelongitudinalmotionsofa smallairplsne.Thematerialpresented
hereisthusa generalizationofthesingle-degxee-of-freedomanalysis
presentedinreference2. Mathematically,thedynamicsystanisnow
describedby a setofsimultaneousordinarydifferentialequationsrather
thana singleone,buttheproblemofcalculatingthepertinentransfer
functionsisstilloneofsimplealgebra.Theextensionoftheseresults
tothelargeairplaneiseffectedinthethirdsection,usingthetech-
niquesdevelopedinthefirstpartofthisreport.Thelateralmotions
ofa largeairplanewe consideredbrieflyinthefourthsection,andthe
combinationfthestressesdueto longitudinalndlateralmotionofa
largeairplaneisdiscussedinthefifthsection.
EquationsofLmgitudinalMotion
Theequationsofmotionof anairplanecanbe expressedinseveral
coordinatesystems.Thesystmwhichisgenerallythemostconvenient .
oneforanalysesofairplanestabilityandisgenerallyreferredto as
stabilitysxes,consistsofbody-centered&es whichexenormaland
parallelto therelativeairvelocityandrotatewithitastheairplane .
pitchesoryaws. (Seeref.11,forinstance.) Theaerodynamicforces
relatedtothisaxissystemcanbemeasuredmorereadilyinwindtunnels
thanthoserelatdto otheraxissyst~. b viewoftheveryclose
relationofa stabilityanalysistotheprotilemconsideredhere,these
sxeswillbe usedinthispertofthepaper,butintheanalysisofthe
flexibleairplaneinthesubsequ-tpsrtsofthereportspace-centered
axeswillbe used,becausetheyareslightlymoreconvenientforthat
purpose.
‘Theairplanewillbeconsideredtobe tnsteadylevelflightprior
todisturbance.Themotionstudiedwillbethedeviationsfrcmtheir
meanvalues;forinstance,theanglefl consideredheretillbe the
differenceb tweenthedisturbedsadtheinitialvalueoftheangleof
pitch.Hence,themotionsadforcescalcu&tedby themethodindicated
heremustbe addedtotheirmesnvaluesto obtainthetot~ motionsand
forces.
Inasmuchas,forthepurposeofa stat~sticalnalysis,thedynsmic
characteristicsoftheairplaneme representedmostconvenientlyby its
trsnsferfunctions,attentionwillbeconfinedinthissectionto sinus- -
oidalgustsandmotions.
.
..
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Forthiscasethelinearizedequationsof longitudinalmotion
bewrittenasfollows(seeeqs.11-193ofref.11,forinstance):
[
~-zw
-%
-f%-%
%
iu)-xu
-%
-imu1Wp
I [1{}
zw%l’w
up =@(k)Xw XU u
e %%
Thestabilityderivativeswhichqpesr intheseequationsare
41
can
(43)
defined
intable1 intermsofconventionalerodynamiccoefficients,andthe
numericalvaluesaregivenfortheexsmpleusedinreferenceU.. (me
valueofthemeanchordisnotgiveninref.11butit isassumedherein
tobe 10feetonthebasisofotherinformationgiveninref.11.)
h analysesofthestabilityofa rigidairplanethequasi-steady
approximationtounsteady-lifteffectsisusuallymade,inwhich,in
effect,theforcescorrespondingto a stesdyattitude,to constsntdis-
turbancevelocities,andto constantaccelerationsme considered.This
approximationis justifiedbecausethemotionsof concer~sregenerally
sufficientlyslow.Forthessmereasonthisapproxhationcanabo be
msdeinsnalyzingtheresponseof anairplsneto atmosphericturbulence.
However,inthisproblemanother@e ofunsteady-lifteffectoccurs,
namely,thatrelatedtotheforcesdirectlyattributabletotheturbu-
lence.Thiseffectisheretakenintoaccountbymultiplyingthequasi-
steadyvaluesoftheforcesduetogustsontherightsideof equa-
tion(43)by theattenuationfunction@(k). Thisprocedureimpliesthe
assumptionthattheairplaneissmallrelativetothescaleofturbulence,
inasmuchasno averagingeffectshavebeentskenintoaccount;these
effectswillbe discussedpresently.Also,thisattenuationfunctionis
strictlyapplicableonlytothenormalforces.
Theunstesdyeffectsonthedragarenotknownbecauseoftherela-
tivelycomplicatednatureofthemechsnismwhichgivesrisetodrag. If,
however,theassumptionismsdethatuponentryIntoa sharp-edgegust
thedragriseslinesrlyandattainsitssteady-statevalueinthethe
requiredtotravelN chordlengths,thedrageqtivakntof l@(k)12
isthefunction
1 - CosZ)Nk
&2
which,for N eqml to about5 or 6, agrees
intheregionofmaininterest(k> 1).
fairlywellwith l@(k)l2
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.
Theunsteadymomentisalsodifficulttopredictbecauseof the
paucityofknowledgeconcerningunsteadyChwmwasheffectsforwingsof
finitespan.However,inasmuchastheti~”liftcontributespertof .
themomentmd, throughthemechanismofdownwash,determinesto a large
extenthemxnentcontributedby thetail,theuseoftheliftattenu-
ationfunctionforthemmnentappearsreasonablefora firstapproxima-
tion,andtheuseofthesamefunctionforthelift,drag,andmoment
facilitatestheanalysis.
Fora morerefinedanalysis,thethe lagbetweentheinstantsat
whichthegusthitsthewingad thetaiimustbe takenintoaccount,““
notonlyforlargeairplsnes,butevenforfimallairplanesifphugoid
motionsme important.(Seeref.12.) Also,thelagindownwashshould
be takenIntoaccountforl~ge airplanestidpossiblyalsoforsmall
airplsmesinsomecases.Onewayofachiev~~thisresultisindicated
inthenextpartofthepresentpaper;tiot~erisdiscussedinrefer-
ence12. —. .-
lnequation(43]theunknownquantitiesWp and ~ arethenormal
andaxialcomponentsofthedisturbancev locitiesoftheairplemereb-
tivetothefreestream.kasmuchasthecoordinateexesrotateduring
themotion,thetimederivativesoftheseQ&ntitiesdonotrepresent
theactualairplaneaccelerations,whichsrerequiredinsnalysesofthe .
loadsexperiencedby theairplaneandthedegreeofpassengerdisccunfort.
Ifthedeviationsfrcma meanflightpathsreassumedtobe small,the
accelerationsnormalsndparalleltothechordor longitudinalxisof
.
theairpl~eme substantiallythessmeastheabsoluteverticaland
. .horizontalaccelerationsH sad
relations
..
z =
%=
Thetransferfunctionsforthese
introducingtheserelationsinto
x,whichcsmbe obtainedfrcmthe
-+p+ @
-~-@
—
quantitiescanthenbeobtainedby
equatian(43).
lhstudiesofthelongitudinalsta~ili~ofairplanes,eqyuation(43)
israrelysolvedIntheformgivenhere. Itisusuallyreducedtotwo
equationswtthtwounlmowns,eitherup and e (thephugoidcase)or
Wp and e (theshort-periodcase),theshort-periodcasebeingusually
theoneofprimaryinterest.Thepartoftheturbulentenerggcontained
inthefrequencyrangenesrthephugoidfrequencyisrelativelysmall,
sothatthephugoidcasehasno significancefortheanalysisof loads
azldaccelerationsresultingfromatmosphericturbulence.Eence,the
short-periodcase,whichignoresthephugoidoscillations,furnishesan
—-
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excellentapproximationtothe
thelongitudinalmotionsofan
43
loadsandaccelerationsassociatedwith
airplaneinturbulentair. However,
. smothertwo-degree-of-fieedcmcase>theoneinvoltiwWp ad Up)fS
usefulincertainstudiesoftheeffectsrelatedto theinteractionf
horizontalandverticalcomponentsofturbulence.
Bothoftiesetwo-degreecasescanbe reducedto thesingle-degree-
of-freedcmcaseinvolvingonly z (or Wp). Forairplaneswhichhave
a largemomentofinertiainpitchthissimplecaseflmnishesa good
approximation.Ithasbeenstudiedinreference2,wheresubstantially
thesameapproxha.tionstotheunsteady-lifteffectsweremadeas we
madehere,excepthatinreference2 apparent-masseffectswereincluded
(Theseffectsarenotincludedinthestabilityderivativesu edin
equation(43)becausetheyareusuallysmall- lessthan1 percentof
themassoftheairplane- andaredifferentforeachdegreeoffreedmn.
However,ifdesired,theapparentmasspertainingto a givende~ee of
freedcmcaneasilybe addedtotheairplanemassincalculatingthe
stabilityderivatives.)However,thisapproximationismorenesrl.yvalid
forcalculatingpeakloadspersuanto anentryintoa sharp-edgegust
thanforcalculatingtheresponseduetorandomturbulence.Consequently,
inthefollowingsections,attentionwillbeconfinedtotheshort-period
. case,althoughtheanalysisis equallyapplicabletotheothercaseand
easilyextendedtothecaseofthreedegreesoffreedom.
.
SolutionoftheEquationsoflongitudinalMotion
Tmnf3ferfunctions.-Ifthede~ee offreedompertainingto x
(or ~) isignored,thesolutionofequation(43)canbewrittenas
wherethetransferfunct”ion
Ig((D)=
where,inturn,thecoefficientsaredefinedin
derivatives( eetable1)by
co
termsofthestabili~
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Ao=l
(%?Be=- +
Thetransferfunction
coefficients
Cg= -u(M& - w)
cambe definedstiilmlyintermsofthe
~’ + ~’~
-(%’% - %&#)
o
Intheseequationsa distinctionhasbeenmadebetweenthevaluesof ~
and I& whichoccurontherightsideofeqmtion(43)andsrehere .
designatedby a primemark,andthoseontheleftsideofthatequation.
Theprimedderivativesp&rtaintothe.~ft andmomentdirectlydueto
gusts,whereastheunprimederivativespertainto theliftandmoment g
dueto airplememotion;thereasonforthisdistinctionisdiscussedin
a latersection.Furthermore,thecoefficientsA:, B:) c;, & &
and C: warethessmeasthecoefficientsA~, B~,. . . excepthat
Withthesetransferfunctionsthemean-squarevaluesof ~ snd ~
csmbe calculatedfromthespectraox w and u by usingequation(1),
providedthatthesimultaneousactionof w and u istakeninto
account.b orderto analyzethiseffectheverticalaccel.~ationE
willbeconsidered,buttheanalysistillbeapplicableto e or any
othercharacteristicoftheairplane,whichrespondsto w and U.
Furthermore,thetrmsferfunctionsneednotbe thoseconsideredin
equation(44),butcanbe thosecalculatedforthethree-degree-of-
freedomsystemorfora flexibleairplane.
Normal-accelerationspectrumendmean-squarevalue.-Forthepresent
purposetheindicial-responsefunctionsh;(t) and h;(t),whichsrethe -
.—
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Fouriertransformsof
convenient.Illterms
.
.m
thetrsnsferfunctions(seeeq.(3a)),aremore
oftheseindicial-responsefunctions,
Then,if w(t) and u(t) srestationaryina statisticalsense,the
correlationfunctionfor !i(t)canbewrittenas
%(%) wt2) %rup(T+h-t2))+hwl) M(t2) %nl(u(-7+%-t2))]%dt2 (46)
where ~w(Ur) isa crosscorrelationf w smd u definedby
I&#T) =w(X@t) u(x+u(t%))
. Now,iftheturbulenceis
veloci~ccxnponentsu and w
ticallyIndependent,andtheir
< thetwotermsinequation(~)
spectrumof 5 is
isotropic,themutuallyperpendicular
atpointsintheXY-plsnesrestatis-
crosscorrelationis zero. Therefore,
involving~m(UT) vanish,sndthepower
(47)
sothat,generallyspeaking,thepowerspectrumofa responsewhich
dependsonboththehorizontalandtheverticalcomponentofturbulence
issimplythesumofthepowerspectraofthetwocontributions,provided
theturbulenceis isotropic.(Thisstatenentcanbe showntobe true
evenifthedistributionfthegustsoverthespanistakenintoaccount.)
Fortheshort-periodtwo-degree-of-freedcmcase,then,thecontribution
dueto w is
andthecontributiondueto u csnbe obtainedfromthessmeexpression,
butwiththesubscriptti superscriptw replacedby u. However,the
ratioofthetwocontributionsi intheorderofka2,where m isthe
trimangleof attackinrsdians,measuredfrm thezero-liftconditions.
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Consequently,exceptatveryhighlift,coef.ficients,suchasthoseused
.
inlanding,thecontributiondueto u. isusuallynegligiblecompared .“:
withtheouedueto w andisdisregardedinsubsequentsections. .
BymeansoftheUft-attentuationfunctiongiveninequation(7)
andthepointspectrumusedinthefirstpartofthepaper,theinte-
gralfor ~ hasbeenevaluated(byusingthetechniqueofpartial
fractionsfortheintegrsmd)fortheexsmpleofreference11. (The “-”- “.
lift-attenuationfu ctionof equation(7)h~sbeenuseddespiteits
shortcomingsinordertofacilitatetheezydyti.cintegrationfthe
spectra.) Theresultsareshowninfigure6, q.swe theresultscalcu-
latedsimilarlyforthethree-degree-of-fr~edomcase,theothertwo- .
degree-of-freedmncase(horizontalnd.verticalmotion;referredtoin
thefigureasthezero-pitchapproximation)_,andthesingle-degree-of-““”~
freedomcase(verticalmotion).An examinationfthisfigureindicates
that,at leastforthisairplane,inclusionofhorizontalmotionsdoes —.-
notaffecthemean-squarenormal-accelerationresponseto anysignificant- -
extent...Thesecalculationspertaintoa “small”airplane,sadnodist-
inctionhasheenmadebetweenthepr@ed_andunprimedvaluesof ~ —
and ~.
Theprecedingtreatmentoftheshort-periodcasehastheadvantage
ofusingreadilyavailableinformationconcerningthecharacteristicsof
.
w givenairplsme.Forthepurposeoftrendstudiesa dimensionless
formofthetrsmsferfunctionsispref~ab~e.Theprecedingequation -““. -
7for z canbewrittenindimensionlessform(thecontributionf
horizontalgustsagainbeingneglected)~
(48a)
and,similarly,
3= (~)’$[v-;)’+~~’]o’,,(Is,,’ k’ !!J?&a,’(’s’% k’-‘(%2-v’)k’+(%2+,2)2‘“~
(48b)
where K isthemassparameter
K al.~ ._.
C&pm
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v istheMmensionlessdsmpingcoefficient
l – loge2
~zL
w T1/2
%/2 isthetimetodsmpto one-halfsmplitude,whichisgivenby
loge2 =
%/2 -$(%+%+%)
sothat (~.&lK
snd ~ isthedimensionless
. with
.
.
.
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frequencyoftheshort-periodscillations,
sothat
Thus,forthistwo-degree-of-freedcmcasethedimensionlessmean-
squsreresponsessrefunctionsofonlytwoadditionalpsmmeters,which
aredimensionlessformsofthemaincharacteristicsof theshort-period
case(theshort-pericdfrequencyandthetimetodampto one-halfampli-
tude),beyondthoseencounteredinthesingle-degree-of-freet$mcase,
nsmely,themassparameter~ .mdthescaleparemeters -
5%”
BendiM-mcnnents ectrumandmean-squsrevalue.- Fora smallairplane
theinstantaneousbendingmomentsatvariouspointsonthespanare
proportionalto theinstantaneousnormalacceleration.Forinstance,
therootbendingmcmentcanbewrittenas
Lw- %=..%=yy-~y’ (kga)
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.
where ~ and ~ are,respectively,theliftonandthemassofthe
wing,andwhere 7 and ~ arethelateraldistancestothecenterof
pressureoftheliftononewingandthecaterofgravityofthemsss 4
ofonewing. However,~ isproportionaltothelift L ontheentire
airplane,whichinturnisproportional,totithenO~al acceleration)so -.
that
and
.m%r-
~ [(2LY )1-~”?ii (4%)
Hence,thespectrumandmean-squarevalueof MB areproportionaltothe
spectrumandmean-squarevalueof ~,respectively,theconstantof
proportionalitybeingthesquareofthequantityinthebracketsof
equation(49b).
SpecialProblemsRelated
ofLarge
totheLongitudinalMotion .
Airplaes
.
Single-degree-of-freedczncase.-Ihtheprecedingsectionstheair-
planehasbeenassumedtobe smallinthe~enseofthisreport,smd
neithertheinstantaneouslateralvariationoftheintensityofturbulence
northedifferenceb tweentheinstantaneousintensitiesatthewingand
thetailhasbe= takentitoaccount.k thissectionthisrestriction
isremovedby introducingtheaerodynamicforcescalculatedinthefirst
partofthisreportintothedynamicanalysisoftheprecedingsections.
Theargumentsadvsmcedintheprecedingse@ionforignoringhorizontal
gustsandhorizontalmotionsareequallyvalidforthelsrgeairplane;
thereforethesegustsandmotionswillnotbe consideredhere.
Forthesingle-degree-of-freedomctwe”involvingonlyverticalmotion
therequiredmodificationforthenormalaccelerationisverysimple.
Forthiscssethetransferfunctionis
#(uJ)= -@(k).ti~’% (m)
where ~!, attenuatedby @(k),isthestabilityderivativeforvertical
gustsand,hence,representstheliftperunitgustintensity.Therefore, .
iftheresultfortheliftcalculatedinthefirstpsrtofthisreport
.
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isused,themean-squarenormal
— .m
accelerationbeccmes
(The
This
that
functionCPwe(u))isdefinedinthefirstpartofthisreport.)
expressiondiffersfromtheresultobtainedinreference2 onlyin
~(o) isherereplacedby ~e(u).
However,evenforthesingle-degreecasethecalculationfthe
bendingmcmentnowbeccmesa consider~lymoreccnnplicatedprobl=,
becausethelateralcentersofpressureoftheliftsduetothemotion
oftheairplanesnddirectlyduetoturbulenceno longercoincide.
Equation(49a)
%=
where C& is
nowbecomes
;~’‘d’d ‘tlj”7M(Y)
thelift-curveslopeforthe
w(u(t-t&Y)0 (51)
entireairplane,h.(t) iS
theresponsefunctionusedineq=tion(38),~ 7M(y) iSthe~ction
fi(y,q)usedin’equation(38),with y = O. b thefirsttwotermson
therightsideofequation(51),fisnd ~ canbe relatedto w by
w (theFouriertransformofthefunction# presentedmeansof h~
ineq.(50))andtheliftdirectlyduetoturbulmceobtainedinthefirst
partofthispaper,sothatthesetwotams canbe writtenintheform
;j’I@l)dtlj:’7(Y) W(U(’-tI),Y)@
and,h~ce, equation(51)becomes
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Therequiredinfluencefunctionforthebendingmomentis,thus,
~(Y,t) = *~L(t)7M(Y)+ q(t) 7(Y)l (53)
Althoughthetwotermsofthisfunctionare.productsofa the-dependent
anda space-dependentconstituent,asinequation(5),theirsumcsmnot
be splitup inthismanner.Hence,thetechniquesu edinthefirst
partofthispaperarenotdirectlyapplicable.Thegeneraltreatment
ofproblemsinvolvinginfluencefunctio~fgrwhichtheassumptionof
equation(5)isnotvalidwillbe consideredinthelastpartofthis
paper.However,inthissectiona special.techniquewillbe usedthat
appliesto casesforwhichtheinfluencefugctioncanbe expressedasa
sumof severalterms(twointhiscase),eachofwhichcanbe expressed
asa prcxluctoftwofunctions,whichdepend,respectively,ontimealone
anddistancealongthespanalone.(Seealsoref.13.) !I!nisapproach
ismoreconvenientthanthegeneralapproachofthelastpartofthis
reportwhenthenumberoftermsistwoor,possibly,three.(Although
inthissectiononlytwotermswillbe considered,thegeneralization
tothreeormoretermsisstraightforward.)Whenthenumberofterms
isgreaterthanthree,thegeneralapproachbecomesmoreconvenient.
Ifthevalueof MB givenby equation(52)for t + T ismulti-
pliedby thevaluefor t andtheresultisaveraged,andiftheFourier
trsnsformoftheresultantcorrelationfunctionisthentaken,thefol-
lowingexpressionisobtainedforthespect~ ofthebendingmoment:
q@.) =
wherethe
.—
HL(d2~we2(d
symbolsR1 ]
+ %@) 2Pwe(d+-
and * designate,
{ }2R HL(d ~’(d ~el(d (54)
respectively,therealpart
andthecmnplexconjugateofa complexnumber.Inthisequation~(u))
and HL(u) we theFouriertransformsof .%(t) W hL(t),~e(~)
isthepreciouslydefinedaveragedspectrumforthelift,and ~el
‘d %e2 areaveragedspectraobtainedina similarmannerbutwith
thevalueof !7 givenbyequation(12)replacedby
J
(b/2)-q
rl(~)=; ?’(Y)7Ms(y+7)~
-b/2
1
(55)
.2(71 =~~jf’)-’ [7MS(Y)7&+d + 7@) 7Ma(y+nj@
wherethesubscripts and a refertottesymmetricandantisymnetric
partsof 7M,respectively.
—
l

.-
.
.



l
—
.
l
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Thecontributionfthesntisymnetricpartof
hence,tothespectrumforthebendingmanentstems
asymmetryoftheinstantsmeousdistributionfgust
51
7M to r2 and,
basicallyfrcmthe
intensityawerthe
span. Tkisasymmetrygivesriseto a rollin.gm-&nt(which& consid-
eredinthefirstpartofthisreport)snd}hence,torollingmotions,
whichcontributeadditionalbendingmcmentsdueto theaerdynsmi.cand
inertialoads=sociatedwiththesemotions.If,forthepurposeof
calculatingthebendingmomentdueto symmetricflightthroughturbulent
air
to
and
alone,thesemotionsae disregarded,thenthecontributionf yM
r2 shouldbe disregardedaswell. Theproblemofccmbinedsymnetric
mtisymmetricmotionwillbe consideredpresently.
Aspointedoutinreference13,themean-squsreb ndingmcmentcalcu-
latedinthismannermsybe smallerorgreaterthanthevaluecalculated
by ignoringspanwisevariationsingustintensity.Ifthemassof the
airplaneisalmostentirelycontainedinthefuselage,thedecreasein
theliftwhichresultsfromtakingthesevariationsintoaccountcauses
a decreaseinbendingmcment.However,ifmostofthemassis inthe
wing,thenetbendingmoments(aerodynamiclessinertia)fora uniform
spanwisegustareverysmall,andtheeffectoftakingspanwisevariations
ofgustintensityintoaccountisto increasethemean-squsreb nding
mcnnents.
Two-degree-of-freedomcase.-Forthetwo-degree-of-freedom(short-
period) casetheanalysisgivenforthenormalaccelerationi thepre-
cedingsectioncanbe extendedasfollows:As indicatedinequation(~)
thetransferfunctionfor E isnow .
(56)
(Thefollowinganalysiscanbe app~edequallywellto & byusing
&uJ) insteadof H:(m).)
Iftheexpressionsinsidethebrackets
nated,respectively,by E~(u) and H2(u),
by hi(t) ~d h2(t),then,as a resultof
smd ~’,
i(t)
‘t~’ hl(tl)L(t-tI)dt.+~’
of equation(~) aredesig-
andtheirFouriertransforms
thedefinitionsof ~’
%(h)+%)dtl (57)
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where L(t) and M(t) aretheinstantaneousliftandpitchingmoment
duetotheverticalccmponentofatmosphericturbulence,whichhavebeen
obtainedinthefirstpartofthisreport.Thecalculationf Cpti(o)
zor of z thusrequiresnotonlythespectraof L and M, thecalcu-
lationofwhichhasbeendiscussed,butalsothecrossspectrumof L
and M,whichhastobe calculateddirectlyfromequations(4)and(42a).
Theresultis
q~(a)=
[{ }
z R Hi(u)%*(u))H(CJJ)%*(u))We(U) +
.
{ JR HI(u)~*(u) H(ti)~*(u).~e*(u@)1 (%)
wherethefirsttwotermsrepresentthecontributionsofthespectra
of L and M, respectively(seeeqs.(~) and(&2b)),andthethird
representsthecontributionfthecrossspectrumof L and M. For
thepresentpurposethefuuctionsH(u),~(m), and ~(u) canbe
expressedas
H(u)= m(%) ~(k)
~(~) =m&a (-~) @(k)
H@)) = [% -m~a (%r)]d(k)
whereAxa isthedistancefrmntheaerodynamiccenter(tailoff)to
theairplanecenterofgravity.Thisdefinitionofthecontributionsof
thewingandtailtothepitchingmanentisbas+ ontheconsiderations
thatthedirectcontributionfthewingcanbe estimatedwithgood
accuracyandthetotalpitchingmn.pentis likelytobe lamwnfromexperi-
ments,sothatthecontributionfthetail(whichincludestheeffect
ofthewingliftonthedownwashatthetail canbe determinedasthe
differenceofthetwo. Thefunctions~e(u1 ~d ~e*(u,O) havebeen
definedinthefirstpartofthisreport.Inviewofthefactthatthe
function~(k) containedinsomeofthetermsofequation(58) alwsys
appeersintermsmultipliedby otherswhich_contain@*(k),onlythe .
absolutesquareofthisfunctionisrequired,ssbefore.
.
.
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SpecialProblemsRelated.totheLateralMotionof
LargeAirplanes
Theequationsofmotioninthelateraldegreesoffreedom(roll,
yaw,sid.eslip)hsvethessmeformandcanbe solvedintheseinewayas
theequationsforthelongitudinalmotion.(Seepp.III-53to III-67
ofref.11.) Againitisconvenientto casttheproblanintheform
usedina stabi~tysnalysisinordertotakesdvantageoftheresults
ofsuchan analysis.Fora smallairplaneitisnecessaryonlyto
replacethetermsduetorudderdeflectionby correspondingtermsinvolving
sidegusts,nsmely,
where @‘(k) isa suitableside-forceattenuationfunctionforside
gustsandthenotationofreference11 isusedfortheotherterms.
Thetermscorrespondingto ailerondeflectioncanbedisregardedfor
thesmallairplane.Inthelateraldegreesoffreedcmthesmallairplane
thusreactsonlyto sidegusts.Ontheotherhand,thelsrgeairplane
alsoreactsinthelateraldegreesoffreedomtoverticalguststhrough
therollingmomentcalculatedinthefirstpartofthepresentpaper.
IfthisrollingmomentIstobe included,itreplacestheterm ~AbA
usedinreference11.
Ynsteadoftreatingallthreedegreesoffreedcmsimultaneously,
instabili~analysestwoone-degree-of-freedomcasessreoftenconsid-
ered,namely,theoneof sideslipalone,withangleofyawequal@
oppositetoangleof sideslip(theDutchrollcase),andtheoneof
rolfigalone.
TheDutchrollcasemsybe usedforgust-losdpurposesin connection
withyawingandsideslippingmotiondueto lateralgusts,providedthe
phaseofthemotionisnottiportant.(Asmsybe notedfrcmthepreceding
sections,thephaseof a transferfunctionis importantonlyb terms
involvingcrossspectra.)Also,theDutchrollcaaemsyproveuseful
incalculatingthevertical-tailloadsresultingfrm flight hrough
turbulentair,particularlyifthehumanor automaticpilotholdsthe
wingssubstantiallyevelbymeansoftheailerons.However,ingeneral
itdoesnotappeartobe assatisfactoryanapproximationastheone-
andtwo-degree-of-freedomapproximationsforLongitudinalmotion.
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Forrollingmotionsduetorollingmoments,thesingle-degreecase
ofrollingaloneappearstofurnisha verygoodapproximation.Although
therolEngmotioncausesyawingemdsides~ppingmotions,thesemotions #
donotappeartoreflectontherollingmotion.Thus,therollingmotion
whichresultsfromtherolldngmcxnentcsa~robablybe calculatedfairly
accuratelywithoutregardtotheotherlateraldegreesoffreedcm.
Furthermore,withintheassumptionofsmallmotiona,thestressesasso-
ciatedwiththeseotherlateraldegreesof.freedcmdonotgenerally
contributeappreciablytothoseassociatedwiththelongitudinaldegrees
offreedomintheputs ofthestructureforwhichthelatterarecritical,
suchasthewing(althoughtheymaybe criticalforotherpsrtsofthe
structure,suchastheverticaltail).Thereforethesedegreesoffreedom
(yawandsideslip)willbe ignoredinthetreatmentofthelargeflexible
airplemeinthelastpartofthispaper.However,ifchordwisebending
effects(deformationsparalleltothechord)ue importsnt,astheymsy
be inscmecasesatspeedsclosetotheflutterspeed,theseotherlateral
degreesoffreedom- havetobe includedin theanalysis.
Forthelsrgeairplane,whichrespondsinthelateraldegreesof
freedombothtoverticalgustsandtosidegusts,thesuperpositionof
theresultingresponses,suchasstresses,meybe effectedinthewsy
.
indicatedfortheinteractionfhorizontalandverticalgusts.Ifthe
turbulenceisisotropic,theverticalWd lateralgustsarestatistically -
independentforpointsintheXY=pke, sothat
responseis equaltothesumof thespectriiiof
responsewhichisduetoverticalgust~,andthe
theresponsewhichisdueto lateralgusts,
CombinationftheResultsObtainedF&cm
thespectrumofa given
thatpartofthegiven
spectrumofthatpertof .
..-
An&lysesofthe
LongitudinalendLateralDegreesofFreedom
Theinstantsmeouswingstressesdependbothonthemotionsin the
longitudinaldegreesoffreedom(primarily~erticalmotionandpitching)
@ onthoseinthelateraldegreesoffreedom(primarilyrolling).The
purposeofthissectionistoindicatehowthestressesassociatedwith
verticalmotionandpitchingcanbe ccmbinedwiththoseassociatedwith
rollingduetoverticalgusts,particularlyinthecaseofa largerigid
airpleme.(Asmallairpleme,flexibleorrigid,doesnotrollas a
resultoftheactionofverticalgusts,endforthelargeflexibleair-
planeitismoreconvenientto considerollingmotionsimultsmeously
withtheothermotions,sothatthesupe~ositioniseffectedautomatically
intheprocessof..~btainingtherequired,trggsferfunctions.) Forall
airplanestheeff&ctofsidegustscanthenbe tekenintoaccount,if
isotropyisassumed,by addingthestress pectradirectly.
b
.
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Inthissectiontheinstsntsmeousstressat a givenpsrtof the
wingtillbe assumedtobe proportionalto theinstantaneousbending
. manentatthatsectionof thewing,sothatconsiderationcanbe confined
tothisbendingmanent;also,theairplanewillbe consideredtobe free
tomoveinonlytwodegreesoffreedmn,nsmely,verticalmotionand
rolling.Theextensionofthefollowingsr@mentsto stresseswhich
dependontheverticalshearsndthetorqueaswell,andtheinclusion
ofpitchingasenadditionaldegreeoffreedcm,cm be effectedreadily
andwillnotaltertheconclusionreachedhere.
Whenrollingmotionsoftheairplanearetakenintoaccount,the
bendingmomentduetotheaerodynamicforcesassociatedwithrateofroll
smdto theinertialoadassociatdwithrollingaccelerationcanbe
expressedintermsoftherollbgmomentby a superpositioni tegral.
In turn,therollingmomentcambe expressedintermsofa superposition
integralinvoltingtheinstantsmeousgustintensitiesalongthespsm,
theinfluencefunction7’(y)usedinthefirstpartofthepaper,and
an associatedresponsefunction~(t). Hence,equation(52)ismodi-
fiedby theinclusionofa thirdtermandbeccsues
17’(Y) w(qt-tJ,Y) @
Ifthespectrumfor ~ isnowcalculatedinthemannerusedpre-
viously,thefollowingresultisobtained:
(59)
where ~(u) istheFouriertransformof ~(t), andwhere qwe~(u)
and ~e4(0) canbe obtainciifromequation(1.2)withthefollowingvalues
Of r3 snd r4,respectively:
J(b/2)-qr3(~)=: 7’(Y)7’(Y+ll)@
-b/2
J(b/2)-qr4(~)‘s -b/2 7’(Y)7&(Y+7)w
.
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(Thefunction1’5(V) isfourtimesthefunction17’(T)considered
previouslyin connectionwiththerollingmoment.Thisfactorof four
mustbe takenintoaccountin ~(t).) -.
Thespectrum~B maybe consideredto consistoftwoputs: The
termslistedinthefirstlineof equation., butexcludingthecon-
tributionof ym to ~ve2 (seeeq.(55)),representthecontribution
—
ofthesymmetricpartsoftheinstantaneousgustdistributionsorthe
contributionassociatedwithsymmetricmotion;theternsonthesecond
lineandthecontributionf 7
Ma to ?we2
representthecontribution
oftheatisymmetricpertsoftheinst~taneousgustdistributionsor
thecontributionassociatedwithrollingmotion.Therefore,thepower
spectrumofthestressduetogustsandcan%inedsymmetricandrolling
motionresultingfromthegustsisthesumofthetwopowerspectra
(thatforthe~ts andsymmetricmotionaloneandthatforthegusts
androllingmotionalone),providedthedirectcontributionfthegusts
issplitup into.a.symmetricsmdantisymmetricpsrtandeachistaken
intoaccountonlyonce,inconnectionwith:theappropriateypeofmotion.
Thecross-correlationtermsbetweenthe.symmetricsndantisynmetriccon-
tributionstothestresscanbe shownto involveintegralswhichcontain .
productsofsymnetricandantisymnetricinfluencefunctionsand,hence,
vanish,sothatthecrosscorrelationsqrezero;hence)thetwoparts
ofthe combin~spectrumsrestatisticallyindependentand,therefore; .
directlyadditive.
DYNAMICSOF THESMALLFLEXIBLEA~IANE
Thepurposeofthisput ofthepaperisto considerthetransfer
functionsrelatingthestressesatvariouspointsofa mall flexible
airplaneto theverticalgustswhichcausethem. Thelongitudinalnd
lateraldegreesoffreedomarestillse@rable,andonlythelongitudinal
degreeswillbe considered;thelateraldegrees,whichsreinvolv@i~
analysisoftheresponseto sidegustsqct@g ontheverticaltail,can
be analyzedinthessmeWEW. Therefore,forthiscaseonlyone-halfof
thewingneedbe.consideredas a resultofthesymmetry(orantisymetry,
inthecaseofthelateraldegreesoffree@n)oftheproblem.
Themethodwhichisoutlinedin,thispsrtconsistsinan extension
ofthenumerical-integrationmethcdof aeroelssticanalysisdescribed
inreference14tosinusoidalmotionsoftheairplane.Thisextension
takesintoaccounthefactsthattheaerodynamicforcesnowhaveout-
of-phase.aswellas in-phasepartsandthatverticaldeflectionsmust
nowbe calculatedseparatelybecausethestructuraldeformationsc n
.=
.
NACATN3910 57
no longerbe characterizedby sugle-of-attackchanges.Also,the“rigid.-
body”degreesof freedom(verticalandpitchingmotionoftheairplane
as a wholead structuraldeformationsofthetail)arenowtakeninto
account.
Theresultisa setof linesralgebraicequations(whichserveas
an approximationtotheordinsrydifferentialequationsthatcharacterize
theproblem)fortheairplanemotionsanddefamationsintermsofthe
appliedaerodynamicforcesdirectlyduetogusts.Thedesiredtrmsfer
functionscanthenbe obtainedfrm solutionsoftheseequationsat
variousfrequencies,andthepowerspectraof thestressesregivenby
theproductoftheabsolutesqusreofthesetransferfunctionsandthe
pointpowerspectrunoftheverticalccmponentofturbulence.Thesame
equationsm~ be usedto calculatewithlittleadditionaleffortcertain
aeroelasticeffects,suchasthestatic=roe~tic defo~tionsandthe
flutterspeed,whichsreusuallyobtainedinseparateanalyses.
LosdsAppliedtotheWing
Theloadsappliedtothewingstemfrcmthreesources:Theaero-
dynamicloadsdirectlydueto theactionofthegusts,theaerodycmmic
loadsdueto themotionsoftheairplane,andtheinertialoads.
Theliftmd pitchin&mcanent(aboutheelasticaxis)perunitspan
on a two-dimensionalairfoilundergoingsinusoidalangle-of-attackchanges
andverticalmotionsin incompressibleflowsre(seeref.15)
la= {[aqc C(k)(l+2~ik)~ - ~ $]+ (% - ‘3+’ $?2]
%= {[%qc2C(k)el [1+ 2~lk)a- ik } 1a-[~ik-($’eok!la-~g~““)
ThetermsmultipLiedbyC(k) me referredto asthecirculatoryterms
becausethw arecalculatedfromtheboundandshedvorticity,andthe
otherssrereferredto asthepotentialterms.Thepotentialtermssxe
inthenatureof Additional-appsrent-masseffects,sndallthosethat
involve& areusuallytreatedtogetherwiththeinertiaforcesrather
thanwiththeaerodynamicforces.Forcompressibleflow,however,the
forcesarecalculatedina differentmsnner,andthedivisionof the
forcesintocirculatoryandpotentialpartsthenhaslittlemeaning.
Consequently,inorderto facilitatetheextensionof thissnalysisto
compressibleflow,thisdistinctiontillnotbemadeherein.
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Theaerodynamicforcesme thereforewrittenas
la=
ma=
sothatforincompressiblef ow
%(k) = (~+ %ik) c(k)
??2(k)= -ikC(k)+ $
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~(k) = (1+ 2ekik)elC(k)- ~ik+
($+ ‘~)g
54(k)= -ike~ C!(k)-~k2
.
.
(61)
Inorderto calculatetheliftata g$venpointofa wingoffinite
spsma appropriateGreenfsfunctionis.required.An approximationto
thisfunctionbasedona reciprocityheoremoflinearizedlifting-surface
theory,isgiveninthefirstperkofthispaper;asusedforthecompu-
tationsofthatpsrt,thisfunctionimpliestheassumptionsthatthe
spanwisedistributionftheliftforoscillationsofthewingas a whole
issubstantiallyinvariantwithfrequencyandthatthisdistributionis
thessmeindirectas inreverseflow.Neitheroftheseassumptionsi
essentialtotheanalysisbutboth,andparticularlythefirst,simpli~
itconsiderably.Withtheseassumptions,t~edesiredliftdistribution
isthengivenbyexpressionsofthefo~ ofequations(32a)and(34).
Forthepresentpurpose,however,a setofaerodynamicnfluence
coefficientsi required,ratherthaninfluencefunctions.Sucha set
ofcoefficients,basedonthessmeideas,csmbe obtainedreadilyby the
techniquesu edinreferences9 and10. Theresultmsybe expressedas
follows:
(62a)
wheretheaerdymsmic-infhuence-coefficientmatrix [Q] isdefinedby
--
.
.—
—
—
—
[Q]= (1- K)t71{l}LI~t7~+ K[71
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.
{}where,inturn, 1 is
integratingcoefficients
.
a unitcolumnmatrix,and
suitableforintegratinga
fora rangeof itssrgumentfrcmO
equidistantpointson thesanispan
accordingto Shrpsonfsrule
to 1. tis, For
59
LIj isa rowof
continuousfunction
instance,if n
axeconsidered,and n iSodd,then
2h 4 11
5’ 3’”” “73J
Verylittleinformationis availableconcerningthespanwisedistri-
butionsofthepitchingmomentonwingsoffinitespaninunsteadyflow.
BymeansofthereciprocityheoremsnappropriateGreen’sfunction
couldbe estimatediftheliftdistributionforwingswithparabolic
camberwerelmown;however,suchliftdistributionsdo notappeartohave
beencalculatedforwingsof finitespaninunsteadyflow. h fact,
relativelyllttleisknownaboutmomentdistributionseveninstesdyflow.
However,theavailableinformationi dicatesthatthelocalcenterof
pressuredoesnotappeartobe verysensitivetotheliftdistribution.
(Seeref.9,forinstance.) Itwillbe assumedthatthisisalsotrue
inunstesdyflowat a givenfrequency,sndthat,furthermore,thesecen-
tersofpressurearegivenby two-dimensionaltheory.Withthisassump-
tionthemomentcanbewrittenas
(6m)
Theliftandmomentdistributiondueto thegustcanbe calculated
ina similsrmsmner.Inthefollowing=alysis,themagnitudeof the
gustintensityisconsideredtobe unity,andthelongitudinalreference
pointistheintersectionftheelasticsxisandthewingroot,sothat
theinstantaneousgustintensityat anystation
+
-i~y~tanA
w=e
Withthisfunctionw,
{}
C%’q @(k)
‘g= [Q]{}vu
y is
{}
C%3q @(k)
*g= ~ Ielc~[Ql{w}
where ~(k) istheSesxsfunction,asbefore.
(63)
.
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Finally,theinertialoadsare
~i=
-ti+ i%e2cE
qi = -(,2+(e2.)2)Z+fie2G
or
Theloadsappliedtothewingcanthusbewritten,insmmnary,as
b3iiS App~edto theTail
.
{}
w
.
.
(66)
Theloadsappliedtothetailaresimilarinnaturetothoseapplied
tothewing,butthetailexperiencesadd~tionalloadsasa resultof
thedownwashproducedby theli.ft onthe@ng. Again,littleisknown
aboutthedownwash inunsteadyflow,andeveninstesd.yflowthedownwash
cannotbepredictedaccuratelybecauseofboundsry-lsyereffectsonthe
fuselage- thewingroot.Consequently,eveninsteady-flowanalyses
experimentalresulttiareusuallyreliedupon.
Inthefollowimganalysis,theassmptio.nisther~oremsdethat
experimentalresultsareavailableforste”adyflow,intheformof the
downwashderivative&/&. h ordertodeterminetheattenuationf ,
.
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.
thisvaluewithfrequency,theresultsoftheanalysisof reference16
willbe used. Theseresultsindicatethatthethe variationofthe
. tailliftduetothedownwashcausedby thewingliftwhichresultsfrom
a unitsumpinthewingangleof attackcanhe approximatedby an inne-
diatejm.npinthetailliftof -0.16of thestesxiy-statevaluesmdanother
Jumpto thesteady-statevalueafterthetimerequiredtotravelthedis-
tancefromthe45-percent-chofipo ntofthewingto thequarter-chord
pointofthetailplussnothereighthofthechordlength.Hence,for
sinusoidalsngle-of-attackch~es thetailliftduetodownwsshis
[
( ~[Xtf+Pr-ik— –—(%)e a,z 1‘-c~%st~‘o.16+1.16e‘/243(l+a lik
(67)
where xt’ isthedistancefromtheintersectionf theelasticsxis
andthewingroot(assmnedforthispurposetobe atthe45percentpoint
ontherootchord)to theaerodynamiccenterofthetail.Aspointed
outinreference16,thisapproximationisvalidonlyfor k < 0.35;
however,thisrangeisadequateforthepresentpurpose.
.
Similarly,thedownwashassociatedwiththewingliftdueto sinus-
oidalgustsgivesriseto a tailliftwhich,withinthisapproximation,3-
(Theadditionallagrepresentsthetimerequiredto travelthe0.6root
semichordsframthe&5-percent-chordpointoftheroot,whichisthe
referencepointforthegusts,totheT5-percent-chordpointofthewing
root,whichisassumedtobe thepointgoverningtheliftatthewing
root,inasmuchas it isthecentroidoftheinfluencefunctionforthe
chordwisepressuredistribution.)
Theotheraerodynamicforcesme thoseduetothemotionsofthe
airplane,thoseduetothetaildeformations,andthosedirectlydueto
thegusts.Onthebasisoftheassumptionsmadeintheprecedingsection,
theseforcessre
(69)
(70)
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.
( =h.ft )() ()2~~(k)= l+2ik Y C!~k+~~k-e ~ k2 —% c
and~snd~ aretheangleof attack
theairplaneatthewingroot.
‘lTheinertialoadonthetailis
~d verticaldisplacementOf —-
Lq = -m.& +M,- X-&Q
or
Herethecenter
itsaerodynwc
onlyto add(or
tion(71).
Thenormal
(71)
ofgravityofthetail@s beenassumedto coincidewith
center;inordertoremovethisassumptionitisnecessary
subtract)thedistancebetweenthetwoto ~’ in equa-
forces
% = +(k) Zr +
where
onthetailcanthenbe summarizedasfollows:
1F2(k)~+F3(k) lkx+~(k)Az +F5(k)wt (72)
Wt
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Thepitchingmcmentscorrespondingtothesenormalforcescanbe
obtainedinthemanneremployedforthewing. However,inasmuchsathe
tailchordisusuallysmallcmparedwiththefuselagelen@h,the
travelofthecenterofpressureofthetailissmallccmparedwiththe
lengthxt’. Hence,thecenterofpressurewillbeassumedtoremain
at theaerodynamiccenterofthetail,andthepitchingmcmentsare
then -~’ timesthecorrespondingforces,sothat
‘t=-~xt[ 1‘Fl(k)Zr+ F2(k)~ +F3(k)L!a+F4(k)AZ +F5(k)wt (73)
Wingand
Thewingdeformationsmay
. influencecoefficientsorfrom
TailDeformations
be calculatedeitherfromstructural
thebendingandtorsio-nsti.ffnessesof
6k
thewingusedin
willbe followed
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conjunctionwithsimplebesmtheory.Thelatter
here,baaedonthemethodof reference12.
Thebendingandtorsionmomentsonthewingstructuremaybe
3910
l
approach
obtained
by integrating~heappliedloads.Ifnumerical-methodsme &ployedto
performtheseintegrationstheresultsm~ be writtenasfollows:
;tiil~ly,thedeformationssre
{}
z - z~
a-% {}
%
%
[
o~45 fi[d[+rpl ~-(!)3-[qa][d -= ----a-------------------f--------------------------
()b3T , @)2[q&+$+.1*CUI[*1[4 b A
.
(74)
.
(75)
wheretheintegratingmatrices(seeref.12)performthefollowing
operations:
~l]{f}*~lf(E’) d~’
.—
E
l.I1l{f}ojljl f~~”)d~”d~’
E k’
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Theseintegratingmatricesmaybe basedonthetrapezoidalrule,Simpsonts
rule,oranyothernupericalmethod;theintervalschosenfor ~
. (O~ ~~ 1)neednotbe of constmtwidthunlessa specificruledemands
a uniformspacing.
Thestructuraldeformationsofthewingmsythenbewrittenin
termsof theappliedloadsas
(76)
wherethesubmatriceskm [m [o])[cm[d ‘d[q
designate,respectively,thefourqusdrantsandtwohalvesofthematrices,
obtainedby postmultiplyingthesqusrematrixofequation(75)by the
squareandtherectangularmatrixof equation(66),respectively.
Forthepurposeofthepresentanalysis,whichisconcernedprimarily
withthewingstresses,thetaildeformationsaretreatedby including
. onlytheverticaldisplacementandangle-of-attackchangeofthetailas
a wholedueto thetailload. Thesequantitiesmeybe obtainedfroma
statictestwhichconsists‘inapplyinga concentratednormalloadatthe
. aerodynamiccenterofthetailandmeasuringthesedeformations.They
msyalsobe obtainedfroma vibrationtestinwhichthedeflectioncurve
oftherearpartofthefuselageinthelowestvertical-bendingmmleis
messured;inthiscasethedesiredspringconstantscsmbe deducedfrom
thefrequencyrelationof
uredfrequencyandofthe
thefuselagewhichmqybe
theabsenceof suchtests
ogousmanner.
a simplemassoscillatorintermsofthemeas-
massoftheempennage(includingthepartof
consider~tomovewiththeempennage).In
theseconstantsmaybe calculatedinn anal-
Thetaildeformationsmaythenbewrittenas
Au= -Kl~
~=%’% }
(77)
sothat,abo,
K2
Az=—-LuKl (78)
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Inasmuchasthesedeformationsarenotindependentofeachother,only
oneneedbe retainedi.ntheanalysis.Therefore,if AZ iseliminated
-by
to
Au
mesmsofequation(78),Au canthenbe obtainedina formsimilar
thatusedforthewingdeformationsinequation(T6):
{ [
‘2
= -qK1 1}I?l(k)zr+F2(k)~+3-~F4(k)~-q~Fs(Wt
1. J
(79)
EquationsofMotion
Equations(76)and(79)areequationsofmotioninsmnuchasthey
describebalancesofaerodynamic,structural,andinertiaforces.Ih
fact,iftheairplmefuselagewereimnobile(~ = zr= O),theywould
be sufficienttocalculateallunknownquantities.Eowever,ifthe
fuselage.,isfreetomove,twoadditionalequationsarerewiredto obtain
thetwoadditionalUn.knOWTIquantities~ and zr. Theseadditional
equationsarethoseexpressingthedynsniicequilibriumoftheforces
onthefuselage,nsmely, .
(~-xt~- rf2+
wherethewingliftandpitching
liftandmomentdistributionsZ
or
1 (80) -(AX)2)Mft&+ AXMftir= O
momentcambe expressedintermsofthe
andmas
(81)
(82)
.
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where l@J~l@J~l@@l@j ‘e’hermsob’ainaby
. postmultiplyingtherowsofequation(81)by thesquareandrectangular
matricesof equation(66).tiequation(8o)thefuselageliftandmament
hsvebeenneglected;theycaneasilybe expressedintermsof ~ smd
zr andincluded,ifdesired.
TheequationsforthetaildeformationAU andthoseforthe
overallnormalforcesmdpitchingmcmentcanbe combinedwithequa-
tion(76)asfollows:Forthesakeofdefinitenessitwillbe assumed
that n stationsonthewingareconsidered,includingtheoneatthe
root,sothatthereare 2n+ 1 unknownquantities,andthatinthe
columnmatricesdefiningappliedloads,deformations,andso on,the
valuesattherootofthewingme writtenatthetop:
.
IIZrOot...z } =tipa = %?Oot& ...atiph
Thefirstand (n+ l)th equationsofthesystemdefinedby equa-
tion(76)expressonlythetrivialfactthatthestructuraldeformation
atthewingrootiszero. Theysrereplacedbyequations(82)md (79),
whichareadjoinedto thesystem,toyieldthecaubinedequationof
motion
o
-11
-101
-1001
. . . . . . .
-------------
0
0
.-.s- -- --------
0
-11
-101
-1001
. . . . . . .
0 t o:
0
--
0
--
1
zIIo-- ------==qa B-- ------k dr:---- ;-@lit----#-I1 z--a-Al +q1631II1.----4-@li:------F-0:
.—
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Ifthesquarematrixontherightsideofthisequationisdesignated
by [A],therectangularmatrixby [B],andthequasi-unitmatrixon
[1theleftsideoftheequationby 1’ , theequationcanalsobe written
as
[[,11- KAIi~}= q[Bl{;t} (83b)
Thematrices[@] to ~@] arethesameasthematrices[011
to [016 ofequation(76),excepthat,thefirstrowsofthelatter,
whichareallzero,arereplacedasfollows:
o2
c)3
~irstrowof - Replacement Quantityaddedtotheleadingelement
o. 101Firstha~ of 11 91 Fl(k)+ ~ k2
()
p~
25
( 101 F2(k)
%& 2Secondhalfof 11 -Tk
[)
pc
ZE
101
%%${ Firsthakfof 12 -~ F1(k)- —
()
pE 2
2F
i Lo]Secondhalfof I-2 -% F2(k)+ %[rf2 + (~)!l&?
Q
2p~
-—2
05 KX13 0
06 Loj$4 0
.
.
.
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l
Ako, theelementsofthelast
and [B] arezero,exceptfor
*I,al+l= F3(k)- ~ ~(k)
.
%+lgn+l= 1 ‘2-~ F3(k)- ~
rowsandcohmms
thefollowing:
69
ofthematrices[~1
Bl,wl = F@
1
%+l,n+l= -~ F5(k)
~(k)
%n+l,n+l= -KlF5(k)
%n+l,l= -K1%(k)
%+1, n+l‘ ‘K1‘2(k)
%+1,al+l= 1 % F~(k)-KlF3(k)- ~ 11
SolutionoftheEquationsofMotion
Forthepurposeof calculatingthedesiredtransferfunctions,
equation(83b)g be solvedirectlyfora givenvalueof q as a set
. of l.inesralgebraicequationswithcoefficientsgivenby thematrix
[~’]-q[A]sndwith%mwm”
{}
givenby thecolumnmatrix q[B]~t
(
where
{}
[A], [B],sad ; )
me functionsof k . Theresultis a
columnmatrixoftheunknownsmplittiesofthemotionsoftheairplane.
Ifthiscolmnniscalculatedforseveralvaluesof k intherangeof
interest,
functions
This
resulting
thesesmplftudes,consideredasfunctionsof k, aretr=sfer
frcmthegusttothemotions.
colmnmatrixcanbe substitutedintoequation(66)smithe
‘!}columnmatrix ~ substitutedintoequation(74),toyield1 *J
a columnmatrixofbendingandtwistingmcmentswhichagain,considered
as a functionof k, representstransferfunctionsfromthegustto these
maments.A setofla?snsferfunctionsfortheverticalshesrcouldbe
calculatesimilarlyfromtherelation
. Thestressat~ point
by a linearsuperpositionf
ofthestructurecanbe assumedtobe given
thebendingmoment,twistingmmaent,snd
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l
verticalshearatthegivenstation,if,el~entarybesmtheoryisused.
Ifelementarybeantheo~ cannotbe usedbecauseoftheinteractionf
bendingsadtorsionstressesorbecauseof shesxlag,thestressat a
givenpointcsmbe expressedasa llnearsuperpositionofmoments nd
shearsatotherstationsaswellasthegivenstation.fieithercase,
thetrsnsferfunctionforthegivenstressisthenproducedby thesame
linearsuperpositionofthetransferfunctionsforthecorresponding
momentsandshears.
Itmaybe notedthat,atzerofrequency,solutionofequation(83b)
yieldsthestaticaeroelasticdeformationsandthuspermitsthecalcu-
lationofthechmgesintheliftdistributiona dtheshiftofthe
aerdynsmicenterthatresultfromstaticaeroelastic@ion. Also,
inasmuchasthisequationcmpletelydescribesthedynsmicbehaviorof
theairplane,thespeedsatwhichaeroelasticnstabilityphenmnena
occurcanbe calculatedfromit,although&uchcalculationsarebeyond
thescopeofthispaper.Sufficeitto~pointoutthatforsucha calcu-
lationthedegreesoffreedcmofthebodyrntitbe eliminatedfirst,as
a resultofthewqyinwhichtheprobl~h~ beensetup. Thiselimin-
ationcsmbe effectedreadilyby consideringthefirstand (n+ l)th
rowsof [A],butwith All, Al,n+l,&+l ~,end J&+ln+l-replaced9 9
by O. Iftheserowsarepremultipliedby _~
r%1 ‘l,n+l.1-1
‘1 1%+1,1 !n+l,n+l
anduseduthe firstand (n+ l)th rbwsof a matrixwhichisotherwise
[1a unitmatrix,andifthisresultingma~r~ isreferredto as 1“ ,
thenequation(83b)canbe writtenforthishomogeneouscaseas
[[m’1 - LNn]{:}=f]
Theproductsb’] [1”1 and [A][l!!]wiI.1nowhavetwonullrowssnd
COIUJIKLSeach,whichcorrespondto zr W- ~. Iftheserowsandcolumns
{}
z
aredeletedand Zr and Ur aredeletedin a ,yieldinga column
Au
{}
z’
a , theremainingmatricesarenonsingul.ar,sothattheycanbe inverted
k
andtheprecedingequationcanbewrittenas
.
.
—
.
10N
.
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[[E]-C@(k)]]{;}={0}
[1where E istheidentitymatrix,and
[DOK1.[m]-l[[Af[.l’]
Thehorizontalbracesdesignatethefactthatthenullrowsandcolumns
havebeendeleted.
1
Equation(&) is inthecanonicalformforthecalculationf
eigenvalues.If k issetequalto zeroandtheeigezrraluesof [D(O1
arecalculatedby iteration,expansionofthedeterminant,or w other
suitablemethod,thelowestrealandpositiveonerepresentsthevalue
of thedynsmicpressureatdivergence.Forsweptwingsthevaluelowest
inabsotitemagnitudeisusuallynegativeandisthereforeofnopractical
significance,althoughit isoftenusedaa smindexoftheaeroelastic
behavioroftheairplane.
Thiscalculationcanbe repeatedforvariouspositivevaluesof k,
thefirstfeweigenvaluesbeingobtainedforeach.Theresults,which
willgenerallybe complex,cambe plottedagainstk. Whenanyofthe
eigenvaluesbeccmespurelyreal,itrepresentsa dynamicpressureat
flutter,andthecorrespondingvalueof k representsthereducedfre-
quencyat flutter.(!IMsstatementistrueonlyif thestructuraldsmping
is zero;suchdampingeffectscameasilyhe included,butthedetailsof
theprocessarebeyondthescopeofthispaper.)
DYNAMICSOF THELARGEFLEXIBIEAIRPLANE
Forthelargeflexibleairplanethefundamentalpropositionf
powerspectralanalysis,thattheoutputpowerspectrumof a systemis
theproductof theabsolutesqusreofthetransferfunctionandtheinput -
powerspectrum,isno longervalidif theinputisconsideredtobe the
gustintensityat a point.Norcantheoutputpowerspectrumbe expressed
directlyintermsof an effectiveinputspectrmn,as inthecaseof the
rigidairplane,wherethissimplificationresultedfromtheassumption
thattheindicial-responsefunctionwasexpressibleastheproductof a
functionoftimealoneanda functionofdistancealongthespanalone.
Inthefirstsectionofthispartof thepaperthestatistical
problemsinvolvedin an analysisof theresponseof a largeflexible
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airplaneareconsidered.Thenatureofthegeneralizedtrmsferfunctions
requiredforthispurposeisdescribed,andthemeenswherebytheyare
combinedwiththeinputspectrumexeindicated.
Thesecondsectionis concernedwithw extensionofthemethod
outlinedintheprecedingparttothecaseofthelargeair@ane.
Althoughfundamentallythedynamicaspectsoftheprobleme unchanged,
andalthoughthelongitudinalndlateraldegreesof freedcxncanstill
be sepsrated,a directapplicationftheapproachesout~nedinthe
precedingpartsofthepapertotheLmge airplanerequiresconsideration
oftheentirewing,ratherthanonlyonehalfofthewing. IJttleaddi-
tionalccmputingtimeisthenrequiredtotreatthelateralandlongitu-
dinaldegreesoffreedomsimultsmeously,andthenecessityofccmbining
theresultsoftwoseparatemalysesisobviated.However,attention
canstillbe confinedto onehalfofthewingbyusingthetechnique
outlinedinthediscussionfollowingequation(55)endinthesection
headed“CombinationftheResultsObtainedFromAnalysesoftheLongitu-
dinalandLateralDegreesofFreedmn.”Rasicallythistechniqueconsists
insplittingtheinfluencefunctionsofconcernintosymmetricandanti-
symnetricpsrtsandusingonepertforananalysisinvolvingthelongitu-
dinaldegrees,andtheotherinananalysisinvolvingthelateraldegrees.
Ifthisapproachisadopted,separateanalysisof longitudinalndlateral
degreesoffreedomisstillpreferable. --
ExtensionoftheStatisticalApproach
Thepowerspectrumsmd,hence,themesm-squarevaluesofthe
responsessuchasthestressata givenpointonthewing-ofa large
flexibleairplsnedueto flighthroughturbulentaircanbe calculated
inseveralw~s. Perhapsthemostdirectoftheseconsistsinusingthe
basicapproachoutlinedinthefirstpartofthispaperandstarting
withanexpressionfortheinstsmtsneousvalueofthestressinterms
of a suitableindicial-responseinfluencefunction,nsmely,
(85)
Thefunctionh~(t,y)is,asbefore,emindicial-responseinfluence
functionorGreen’sfunctionforthepartialdifferentialequation.It
relatesthestressasa functionofspaceandtimecoordinatestothe
appliedloeds,whicharealsofunctionsofspaceandtimecoordinates.
Theessentialdifferenceb tweenthe”problemconsideredinthissection
andthosetreatedinthefirsttwopsrtsofthepaperisthatthisfunc-
tioncanno longerbe expressedasa prcd.uctofa functionof t alone
.
and y alone.Insomecases- ina modalapproach,forinstance- it
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~ be expressiblesaa sumofseveralsuchfunctions,sm.dthenthe
approachus& previouslyforthebendingof a largerigidairpl=efree
tomoveverticallymsybe adopted,ashasbeendoneinreference13.
However,inthissectionthecaseis consideredinwhicheventhis
simplificationcannotbemade.
Thecorrelationfunctionfor d canbe calculateddirectlyfrcnn
eqyation(85’), andforthecaseof axisymnetricturbulenceitis
Eence,thepowerspectrmnof a canbe obtainedby calculatingthe
Fouriertrsmsformofthisfunctionand.is
where @w(u,q)isthetwo-dimensionalspectrumconsideredpreviously,
H~(u,y)istheFouriertransfomnof &(t,y) withrespecto time,
andtheasteriskdesignatesa complexcon@gate,asbefore.Thus,the
functionH~(u,y)isa &msfer fimctionfromsinusoidalverticalgusts
(ofwidth dy)impingingonthewingata givenstationy onthewing
to thestressa,ora Green’sfunctionfortheordinarydifferential
equation(withthequantityu asa parameter)thatrelatesthestress
smplitudeasa functionofthespacecoordinatey to thesmplitudeof
theappliedsinusoidalgusts.
W*
Theterm H
~ (~,YI)4(~,Y~) ineq~tion(8T)iscomplex;however,
theimaginsrypartcanbe ignoredbecauseit contributesnothingtothe
integralasa resultofthefactthat @w dependsonlyon
IY~ -Yl[.
In a mannersmalogousto
paper,thedoubleintegralin
ducingthefunction&a(u,q)
theoneemplqyedinthefirstpat ofthis
equation(87)canbe evaluatedby intro-
whichtakestheplaceofthefunctionI’(q)
usedpreviouslyandis
~(%v) =
definedtiys.nautoconvolutionof ~(a,q):
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where R{} designatestherealpaz%. Hence,
(88)
Anotherapproachconsi8tsinusingthedoubleFouriertransform
@v(A) oftheaxisymmetricnputcorrelationdefinedinthefirstpart
ofthispaper.h termsofthisfunctionthecorrelationfunctionva(r)
canbewrittenas
wherethefunction
representstheFouriertransform(withrespecto y) ofthefunction
~(u,Y),thatis>
(89)
= &j-”pii@)r@w(@j%=)dA (90)
Withtheapproachoutlinedinthenextsection,thefunction
H~(m,y)csmbe calculatedeitherdirectlyorindirectly,by firstcalcu-
,
latingthetransferfunctionfromthatgqstto theliftdistributiona d
I
.
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.
thenthetransferfunction
Fortheindirectmethod,
.
fromtheliftdistributionto thestress.
75
wherethefunctionH~(o)G(q,y)istheinfluencefunctionforthelocal
liftortheGreen’sfunctionfortheaerodynamicprobleminvolvingsinus-
oidalgustsconsideredin thefirstpsrtof thispaper;thesymbolsq
and y in G(~,y)areinterchanged,however,so thatthefunctionow
definesthecontributionf a gustatstationy to theliftat sta-
tion 7. Thetransferfunction~(a,q)
atthegivenpointto a unitconcentrated
actingatstation7.
Withthisindirectmethod,thepower
givenpointcanbe calculatedby starting
relatesthe(sinusoidal)stress
(sinusoidal)nomal force
spectrumforthestressat a
withthepowers~ectrumfor
theliftdistributioncalculatedinthefirstpart& the&per. For
thisapproachcr(t)msybewrittenas
“(t)=J’f:: h:(l~y)‘(t-%y) ~ ‘%
.
sothat
where
TheFouriertransformofthiscorrelationfunction
.
‘?@Y~)Y2) II=H~(u)2qwe(u)
iS, then,
(92)
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(Seethesectionheaded“GeneralizedAerodynamicInfluenceFunctionsin
UnstesdyFlow.”)Hence,
If 9WC(U)isgivenby equation(35),thedoubleintegralcanbe
—
expressed
Q6(U)=
ii termsof singleintegrals~ fpllows:
H:(u)12[(1- { }K)21@)12gwe(u)+ 2K(1-K)R G(u)G’*(u) +
[
b
~2 1 (*)G“(cD,?I)qwbv) dqo
Jb/2G’(u)- H~(u,y)
-b/2
(b/2)-tl
G“(m)S2
1[ R
-b/2
,
IY(Y)@
9we*(%Y)7(Y)w
.
—
.-
asbefore,R{} designatestherealpart,ml I{} designatesthe
imaging part.
Equations(88),(90),and(93)th~ representthreemeth~sof
obtainingthepowerspectrumofthegivenstress.Onerequiresa trsx&-
ferfunctionfromthelocalgust-intensitiesdirectlytothestress,u
autoconvolutionQfthistransferfunction,andthesyectrumofturbulence
definedby equation(16);theSecotir~qu”iresa two~~e~fonalsl?ect~ .
oftheturbulenced finedby equatioti(17a)sad(In) anda Fourier
transformofthetiorementionedtransferfunctionwithrespecto y;
.
.—
.
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.
thethirdutilizesan autoconvolutionofthetransferfunctionsfrcm
localconcentratedlosdsto thestressW thespectrumforlocalllfts
. duetoverticalgustscalculatedinthefirstpsrtofthepaper.The
choiceofapproachdependsto sameextentontheinformationavailable,
butis largelyanatterof individualpreference.
Theanalysisinthissectionhasbeenbasedonthepremisethat
bothhalvesofthewingwouldbe treatedWmultaneousl.y.Attentionc=
be confinedto onewingbyusingonlythesymmetricpartsoftheinflu-
encefunctionsinen snalysisinvolvingthelongitudinaldegreesof freedom,
andonlytheantisymmetricpsrtsinan analysisinvolvingthelateral
degreesof freedom.Thesymmetricpartofsn influencefunctionfora
unitconcentratedloador gustactingatstationy istheresponsefunc-
tionfortwolosdsor gustsof 1/2unitintemsityactingatstationsy
end -y,respectively.Similarly,theantisymmetricpartistheresponse
fora losdorgustof 1/2unitintensityactingatstationy andan equal
andoppositeloador gustactingat station-y. 12Fthisapproachis
chosen,scmeoftheintegralexpressionsgiveninthissectionassume
slightlysimplerfomns.Forinstance,equation(89)canthenbe written
forthesymmetricpsmtas
sadforthesmtisymmetricpartas
CalculationftheRequiredTrsmsferFunctions
Dependingonwhichofthemethodsoutlinedintheprecedingsection
isused,oneof twotypesoftransferfunctionsisrequired- eitherthe
onefromlocalguststothestressof interest,ortheonefromthelocal
lifttothatstress.Bothof thesefunctionsdifferin severalrespects
framthoseconsideredintheprecedingpartofthispaper.
Foreithertypeoftrsnsferfunctionthestructuraldeformationsof
thewingunderconcentratedloadsaswellasunderdistributedloads
willbe required,so thatthenumerical-integrationschemesusedinthe
precedingparthavetobenmdifidto sanetient. AlEo,itmaynowbe
preferableto considertheentirewing(ratherthantheonesemispsn
consideredinthecaseof thesmallflexibleairplane),sothatthe
varioustrsnsferfunctionssreasymmetric.Withthedegreesoffreedom
consideredintheanalysisthusdoubled,itbecmnespreferableto include
oneadditionaldegreeof freedom,roll,ratherthantoperformtwosepa-
rateanalysesforsymmetricandsmtisytmnetricmotionswith,respectively,
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oneandtwolessdegreesof freedom,ti.thento combinetheresults.How-
.
ever,ifthealternativeapproachof splittingup theinfluencefunctions
intosymmetricandantisymmetricputs forgseintwoseparateanalysesis .
sdopted,onlyonesaispanneedbe considered,andtheresultspresented
inthissectioncanthenbesimplifiedtoa largeextent.
Reforediscussingthemodificationsrequiredto extendthedynsmic
analysisoutlinedintheprecedingpsrtofthepapertothelargeair-
plane,itmightbe pointedoutthatchordwisedeformations(deformations
paralleltothechord)willagainbe ignored..Agai.n,theycanreadily
be includedby a straightforwardextensionoftheapproachusedhereif
itisfeltthattheymaybe significsmtinanygivencase. Iftheyme
included,however,yawingsmdpossiblyalsosideslippingmotionscan
probablyno longerbe ignord,becausetheymeygiveriseto largeforces
inthechordwisedirection.Iftheentirewingistreated,thesetwo
additional.degreesof freedomcanreedilybe included,andalllongitu-
dinalandlateraldegreesoffreedomarethentreatedsimultaneously;
iftwoseparateanalysesareperformedforthelongitudinalndlateral
degreesoffreedom,thesymmetricandantisymmetricpartsoftheinflu-
ence&unctionsbeingusedandonlyonesqnispanbeingtreated,these
additionaldegreesoffreedomenteronlyintothelateralanalysis.
Thestructuraldeformationdueto local(concentrated)losdscan
be obttinedinseveralways. Ifmeasuredinfluencecoefficientsare
used,theypertainpreciselyto suchloadse@, infact,mustbemodified
beforetheycanbe usedfordistributedloads(seeref.12)so thatit
isnecessaryonlytousetheunmodifiedcoefficients.
Ifthedeformationsaretobe calculatedina mannersimilartothat
employedin theprecedingpart,theinte~at~~matricesmustbe replaced
asfollows:
where
h’=L
IP~’‘$
Ipq’= O
(q>p)
(q=P)
(q<p)
and
.
1lN
.
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where ‘
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~Ipq’,= Yq -Yp (q>p)
I~q’ = O (q<p)
Thefactorof 1/2for Ipp’ constitutesanapproximationwhichimplies
fairingthrougha discontinui~.Ifthisapproximationistobe avoided,
thedeflectionsduetounitconcentratedloads(thestructuralinfluence
coefficients)canbe calculateddirectlyfromsimplebesmtheory,in
whichcasethelimitsof integrationtakecareof thediscontinuities.
Thus,forinstance,foranunsweptwing,thenormaldeflectionandtwist
at yp
are
‘Pq
zP~
%l?~
‘%K1
dueto a U&t concentrat-&dlo~-andtorque,respectively,at yq
(Y* sY~
(Yp>Yq)
( )Yps Yg
(Yq<YP)
Theconcentrated10EKWunderconsiderationariseasfollows:For
thetransferfunctionsrelatinglocalliftstothedesiredstress,the
localliftsmaybe consideredtobe concentratedloadsofunitmagnitude,
associatedwithconcentratedtorquesofmagnitudeelc. Equation(83b)
canthenbewrittenas (seealsoeq.(76))
(95)
tlwhere w isa diagonalmatrixof thevaluesof w definedby equa-
[1tion(63), andwherethematrix R’ representseitherthefourinfluence-coefficientmatricesfor z and a,dueto concentratedlosds
andtorques,or thesqusrematrixof equation(75)withmodifiedinte-
gratingmatrices,asdiscussedin theprecedingparagraphs.
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It mqybe notedthatequation(95)nowrepresentsnotonEsetof
simultaneouseauationsbutseveral,allhatingthessmecoefficients
butdifferent~etsofknowns(asd&fined
ontherightside)and,hence,different
[1)
z
ofthematrix a . Thissituationis
by tiecolumnsofthematrix
(
setsofunknownsthecolumns
duetothefactthatthefunc-
@sL]]
tionsunderconsiderationare,ineffect,theresponsesoftheairplane
asa wholeto sinusoidallyvaryingconcentratedloadssadaredifferent
foreachlocationoftheappliedlosd.
Oncethisequationhasbeenmodifiedtotakeintoaccounthe
overallbdy motionsandtaildeflection(asexplainedinthepreceding
part)aswellastherollingmotions(as~lained inthefollowing
‘“[1---”’-
2“
psragraphs)jitcanbe solvedtoyieldtheumlraownvaluesof From
L“
thesevaluesthebendingandtwistingm~eq_@,aswellasthevertical
shears,csmbe calculatedandaddedto thoseduetotheconcentrated
losd.sWhencombinedlinesrlys.arequiredforthedesiredstress,these
momentsandshearsyieldthedesiredtrsnsferfunctionsH;(u,y).
Ifthetransferfunctiondirectlyfromthelocalguststothedesired
stressistobe determined,theresponseoftheairplaneto thelift
distributioni ducedby a sinusoidalgu@tofwidth dy actingat sta-
tion y mustbe calculated.ThisliftdistributionistheGreenrsfunc-
tionconsideredpreviously.Ifitisrepresentedby therelation
H~(m)G(y,q),with G(y,~)definedby theapproximationgiveninequa-
tion(34),theconcentratedloadsariseframthedeltafunctioninthat
expression.Therightsideof equation.(9~)becames,inthatcase,
where ~R~ representsthesqusrematrixofequation(~), and [R’]
theone--discussedinconnectionwithequation(95).Again,severalsets
ofsimultaneouseqyationsareimplied.Theirsolution(aftermodifica-
tionforoverallmotionsandtaildeflections)yieldsvaluesof z and
—
.
.
.
a franwhichthetransferfunctions~(u,y) cmbe calculated.
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Theextensionofthemethodoftheprecedingpartto thecalculation
of thedeformationsonbothwingsisstraightforward.Essentially,dis-
. tributedliftsandtorquesnowhavetobe“calculatedforbothwingssnd
integratdwithmatriceswhichcanbe assembledfromthoseusedforone
wingalone.Nonewproblemsariseinthisprocess,sothatitneednot
be discussedfurther.
!l?he.inclusionofrollingmotion,however,isnotso straightforward.
Onemeth~ consistsinreplacingallvaluesof z inequation(83a)or
itsequivalentby z + & andthenreducingthecolumnsinvolvingthis
qusntityby thefollowingrelation(whichassumesthatthenewunknown
quantity,therollangle G, is listedattheendof thecolumn):
+ay
-----
a
--—-
Act
E3
i
1
I
I
i 1 iI 1
0 1 1 !I 1 01I . :1t . ;
.1
-----------+-------------;-----
0 I 0 1:! I 11 1
—
z
--
a
--
L!cL
0
An additionalequationmustthenbe joinedtotheset,namely,the
equationofequilibriuminroll —.
Jb/2 2(y)ydy-I@-MDt5=0
-b/2
where Ix istheinertiainrollofthefuselagesndempennagealone
inasmuchastheinertiaeffectsof%hewingareincludedin 2(y),and
‘% isthecoefficientofdsmpinginroll.fortheempennage.Formost
82
casesbothof
equation(96)
thesecontributionsarenegligible.
canbewritteninmatrixnotationas
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Iftheyareignored,
L1{}11 Z =0
Idwhere 11 isnowa matrixwhichservestoperformtheintegration
requiredinequation(96),Thisconditioncanthenbe adjoinedto the
othereqmtionsofthesetinthesamemanneras equations(82) were
adjoinedtothesetintheprecedingpart.
Theresult,again,isa setof simultaneousequationsfor z, a,
&, and @ fromthesolutionofwhichthedesiredtransferfunctions
canbe obtainedas outlinedintheprecedingparagraphs.Also,asbefore,
oncetheunknownszr, ~, and ~ areeliminatedfromtheset,the
divergenceandflutterspeedscanbe calculatedby conventionalmatrix
operations;thesespeedswillthenpertaintoanairplanefreetomove
verticallyaswellas inpitchandrolland,hence,willincludedivergence
andflutterspeedsinantisymmetricaswellas symmetricmodes.
DISCUSSION
ConcerningtheNatureSomeImplicationsoftheAssumptions
ofAtmosphericTurbulence
Theturbulencewasassumedtobehomogeneousinordertomakethe
problemstationaryinthestatisticalsenseandthuspermittheuseof
themathematicaltechniquesdevelopedforsuchproblems.Ina practical
sense,turbulencecsmbehomogeneousonlyina limitedbodyofair. The
assumptionthusimpliesthatthedimensionofthisbodyofairalongthe
flightpathislargecomparedwiththedistancetraversedinthereaction
timeof theairplane,whichinthecase”ofloedstudiesisoftheorder
ofthethe todampto one-ha~amplitude,butinthecaseofmotion
studiesmaybemuchlarger.Obviously,thegreaterthebodyofair,the
greaterthereliabilitywithwhichtheloadsandmotionscanbepredicted
(ina statisticalsense)foronerunthrou@it. Ingeneral,turbulence
atverylowaltitudes,whichmaybe influencedsignificantlyby thecon-
figurationoftheground,andturbulenceinthunderstorms,maynotbe
sufficientlyhomogeneousforthepurposeof’thistypeofanalysis,but
othertypesofturbulencearelikelytobe substantiallyhomogeneousover
sufficientlyargedistances.
.
Isotropywasassumedinordertopermittherequir~two-dimensional
correlationfunctionstobe expressedsimplyintermsoftheone-dimensional
k
correlationfunctions.Forsufficientlyshortwavelengthsallturbulence
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isisotropic,butforlongwavelengthsitcanbe isotropiconlyif itis
homogeneous(bothintheplaneoftheflightpathandperpendicularto
. it). Theconditionofaxisymmetry,whichissufficientformostofthe
resultspresentedherein,islessrestrictivethanisotropyinasmuchas
itdoesnotspecifythevariationofthecharacteristicsof theturbulence
intheverticaldirection.Inpracticalproblems,iftheturbulencemay
beassumedtobe homogeneous,theconditionsofaxisymnetryandisotropy
arelikelytobe satisfiedtoa sufficientefientopermittheuseofthe
approachpresentedhereinforallbutverylongwavelengths.Thewave
lengthatwhichitceasesto’bevaliddependsonthesizeofthebodyof
airunderconsideration,beinglargerfora largeb~y.
Taylor’shypothesis(totheeffecthata spacedisplacementAx
alongtheflightpathmaybe identifiedwitha the displacementT = Ax/u
inthegustcorrelationfunctions)impliesthatthevariationin gust
intensitythatprevailsalongtheflightpathat anyinstantwillranain
substantiallythesameuntiltheairplanehastraversedthegivenbodyof
air. Therequiredcorrelationfunctionsforatmosphericturbulenceare
thusinthenatureof spacecorrelationfunctions(ratherthantimecorre-
lationfunctions)andhavebeenconsideredas such.Thestatisticalchar-
acteristicsoftheturbulencearethenindependentofthespeedat which
itistraversed.Clearly,whetherornotthishypothesisisvaliddepends
ontheflyingspeedoftheairplane.Onthebasisofpresentknowledge
no definitelowerlimitingspeedcanbe q,,ted.However,indicationsare
thatthehypothesisisvalidforflyingspeedsgreaterthanabout100or
200feetpersecond.Theeffectoffiniteflyingspeedonthegustcor~e-
lationfunctioncanbe expectedtobemostpronouncedforlargedistanc~s,
wherethecorrelationisweak,sothattheeffectonthevariouspectra
islikelytobe smallandto occurat thelongestwavelen~hs,where,as
previouslymentioned,thespectrumis somewhatuncertainforotherreasons
aswell;thiseffectisthusmorelikelytobe si~ificantforlargethan
forsmallairpl.smes.
T!heparticularcorrelationfunctionusedhe~in forthecalculations
ofthe“averaged”correctionfunctionsandspectrahascertaintheoretical
shortcomings- primarilythattheassociatedspectrumdoesnotdecrease
rapidlyenoughforveryshortwavelengths.However,itdoesappear-tobe
adequatetorepresenttheavailableinformationconcerningthespectraof
atmosphericturbulence(seeref.17,forinstance)becausethebehavior
at veryshortwavelengthsisrelativelyunimportant,inasmuchas airplanes
cannotrespondto them,andthebehavioratverylongwayelengthsis
usuallyindoubtby reasonofthenonhomogeneityofactualturbulence.b
theintermediaterangeofwavelengths,thiscorrelationfunctiona~ears
tobe quitesatisfactory.
TheparameterL* (thefitegralscaleofturbulence)usedhereinis,
forpracticalpurposes,a largelyfictitiousquantity,inasmuchas it is
proportionaltothevaluesofthegustspectrumforinfinitewavelengths,
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which,inviewoftheuncertaintiesinthevaluesofthespectrat large
wavelengths,havelittlephysicalsignificance.~erefore,atpresent,
insufficientinformationisavailableto givea valuefor L* tobe used
inconnectionwiththenumericalresultscalculatedherein,althougha
valueofl,OCKlto 2,000feetappearstobe a~ropriate.Asmoreinforma-
tionconcerningthespectrumofatmosphericturbulenceb comesavailable,
moredefinitevaluescanbededucedby fittingananalyticalexpression
ofthetypeusedheretomeasuredresultsintherangeoffrequenciesof
primaryinterest,andthenusingthisexpressionas a meansofobtaining
a valueof L* by extrapolationofthemeasuredresultsto infinitewave
lengths(zerofrequency).
ConsiderationsPertinenttotheApplicationf Statimary-
Random-l&ocessTechniquesto Gust-LoadEroblems
Thepurposeofthissectionistopointouthow,inprinciple,the
resultsofanalysesofthetypeoutlinedhereinmaybe usedinoverall
loadanalysisand,hence,inthedesignofanairplane.
Considerationisconfinedinthispaperprimarilytothepowerspectra -
of themotionsandstressesof interest.As pointedoutinreferences1,
2,3,and11,forinstance,a greatdealof statisticalinformationf
directinterestcanbe obtainedfromthepowerspectrum.Forinstance,i.f
therandomprocessof concern(say,thegivenstressasa functionoftime) *
hasa Gaussianprobabilitydistribution,theexpectednumberofpeaksat
orbeyonda givenlevelina givenperiod.oftimecanbe calculatedvery
simplyfromtheintegralofthespectrumanditssecondandfourthmoments.
Theresultsobtainedinthismannerpertainto continuedflightina
givenbodyofturbulentair. Theyhavetobe generalizedby determining
thelikelihoodfflyingthroughturbulenceof thegivencharacteristics.
(Seeref.18.) Theprobabilityof exceedinga givenstresslevelduring
theexpectedlifeoftheairplanewhileflyingthroughatmosphericturbu-
lencecanthusbe calculatedinstraightforwgmdfashion.Tothisproba-
bilitymustthenbe addedtheprobabilityofexceedingthislevelin —
maneuvers,landings,and,possibly,alsointurbulenceduetothunder-
storms,bees.useinviewofthepossiblyg$mhamogeneouscharacterofturbu-
lenceinthunderstormsandthepossiblynonligearnatureoftheaerodynamic
forcesincurredwhileflyingthrough~hem,thetecti-iques-nukedher inmay
notbe applicableto flighthroughthunders~orms,”@d a separate“tialysis
msyhavetobeperformed.
Althoughthea~ilableinformationconcerningatmosphericturbulence
isinadeq~tetopermitofanydefinitecbnchu!ion,theresultsobtainable
withtheapproachoutlinedhereinmayturnouttobemostsignificantfor
thepredicationofthelow-andmedium-amplitudestresscycleswhichare
importantto fatiguestudies;theirvalidityfororcontributiontothe .
predictionofverysevereloadsremainstobe seen.
,.
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CONCLUDINGREMARKS
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Thestatisticalpproachto theproblemofcalculatingthedynsmic
responsesandthestressesofan airpknesubjettedto continuousrandom
atmosphericturbulencehasbeenextendedinseveralrespects;basically,
onlytheassumptionsof lineari@,thatis,of smallmotionsanddeforma-
tions,aswellashomogeneityandaxisymmetryoftheturbulenceare
retained.
Thefirstprobknconsideredwastheeffectof spanwisevariations
oftheinstantaneousturbulentvelocitiesontheliftandmomentsdueto
turbulence.Themean-squarelifthasbeenshowntobe reducedconsider-
ablyifthespanoftheairplameisrelativelylargecomparedwiththe
integralscaleofturbulence.Theshapeofthespectrumofthisliftis
affectedrelativelylittleby spanwisevariationsof gustintensity,
exceptatveryhighfrequenties,ifthedecreaseintheeffectivemean-
sqwe irrtensityistakentntoaccount.Theeffectof sweepon themean-
squareliftanditsspectrumhasbeenshowntobe small.forwingswith
a givendistancefromroottotip.
Ifthevariationoftheinstantieousvelocitiesistakeninto
account,therollingmomenttowhichtheairplaneissubjectedcanbe
calculated.Themean-squsreollingmomenthasbeenshowntobe propor-
tionalto theratioofthewingspanto theintegralscaleofturbulence
forsmallvaluesofthatratio.~~larly, expressionsforthemean-
squarevaluesandthepowerspectraofthelocallift,thebendingmoments~
andthepitchingmomenthavebeengiven.Ibrsomeoftheseforcesthe
requiredaerodynamicnformationcannotbe calculatedby existingmethods.
Therefore,certainapproximations,basedon experiencewithsteadyaero-
_ic fOrceSafiavailableknowledgeconcerningunsteadyforces,hadto
bemadefortheaerodynamicnfluencefunctionsinunsteadyflow.
Thenextproblemconsideredwasthedynsmicresponseofa rigidair-
planetorandomturbulence.Thisproblemhadpreviouslybeentreated
forthecaseofan a&planefreetomoveonlyintheverticaldirection
andsmallenoughsothatvariationoftheturbulentvelocitiesalongthe
spancouldbeneglected.~ thepresentpapertheresponseofan airplane
inthreelongitudinalde~eesoffreedomwasconsidered;calculationswere
madewhichsuggesthattheinclusionof deviationsfromthemeanhori-
zontalmotionis superfluousingust-Wadcalculatims.Fortherematiing
twolongitudinaldegreesoffreedom,themesa-squrenormalandangular
accelerationhavebeenshowntobe functionsof odlytwoparametersother
thanthemassratioandscaleparameterofthesingle-degree-of-freedom
casesm.mel.yjd~~iofiess fo~ ofWe shofi-periodfrequencyad of
thetimetodampto one-halfamplitude.An indicationisgivenof the
mannerinwhichtheresultsobtainedinconnectionwiththefirstprobla
canbeusedto extendthisdynamicanalysisto thecaseinwhichvariations
oftheturbulentvelocityalongthespanhavetobe takenintoaccount.
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Thelastproblemtreatedwasthedynamicresponseofa flexible
.
airplane,includingverticalmotion,pitch,and,whennecessary(as
whenspanwisevariationsingustintensityaretakenintoaccount),roll.
Horizontalandlateral(yawingandsideslipping)motionsweredisregarded
.
becausetheydonotgeneraK1.yaffect hewingstressesduetovertical
gusts. A methodwhichrepresentsan extensiontothedynamicaseofa
numerical-integrationapproachtothestaticaeroelasticproblemhasbeen
outlinedfortheanalysisoftheproblemathand. Themodifications
requiredinthebasicstatisticalpproachandinthismethodofdynamic
analysisinordertotreatthecaseinwhichspanwisevariationsofthe
gustintensityareimportanthavebeendiscussed.
Althoughmostofthisanalysishasbeenconfinedtothevertical
componmtofturbulence,ithasbeenshownthatthestiultmneousaction
oflongitudinal,vertical,andlateralgustsonthewingstresses(with
dueallowanceforthefactthatverticalgustsaffectboththelongitudin-
al andthelateralmotionsoftheairplane)canbe takentitoaccountby
simplyaddingthepowerspectraofthevariouscontributions,provided
theturbulenceisisotropic;thecrosscorrelationsor spectrahavebeen
showntovanisheitherby thesymmetryorantisymmetryoftheinfluence
functionsinvolvedorasa resultofthestatisticalindependenceof
mutuallyperpendicularvelocitycomponents.
.
Theapproachpresentedhereinthusfurnishesa foundationforthe
predictionofthestatisticalpropertiesofthestressexperienceofa
givenairplaneoncetheappropriatestatisticalcharacteristicsof the
atmospherehavebeendetermined.
.
.-
LangleyAeronauticalLakmatory,
NationalAdvisoryCommitteeforAeronautics,
LangleyField,Va.,November5,1956.
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